MATHISI0 Caleulus :for Evﬁineexs NoIk-19

& | Preliminaries

(.1 Netetions

Set : collection cf obJecEs (elewments)

€ : subset

e be‘ov'ﬂs +o
Exo.w\Ple (1.1
S:=1f1,>,23

That means S & a set COV\’EaiV\ivxg 3 clements ,mw\elca [,2 and 2.
OR:[,2,%2eS

lf T=10,2.3,4% , then we say S is a subset c§ T, or ST
—ﬂ/vxE means evena elevnewb n S -lS also an elemewt 1.8 T

Netations fben used In this course :

7' set of all posttive ntegers

z : set cf all 'w\'(:ajers

R : set cfa.llrea.l numbers

$ : empby seb . ie =03 Nothing

Labl : set cf all veal numbers = sudh that as<s<b
(a.b) : set cf all veal numbers =« sudr that a<x<b
[a,=) : set cf all veal numbers = sudh that as=

BmmPle (1.2

Set c:f all 'Fosr&ve. even numbers
={v.4.6, .13

= {D.m : W\ei}

ie. this set consists of elements cf ‘the. form Y Such that meZ

Exevcise 1.1.1

Set cf all 'Fos'r(:ive. odd numbers = ? (How o descvibe 7))

AV\S\.JQ( : {).m-l : mef}




Se:EOwaoV\s
Let A. B be o sets.

lrrbersection : AnB Union : AUB
A . B | . )
Relative Coverle.mew(: cf B n A:A\B Relative CoM|>|e.mM(: of A wn B : B\A
EmmPle, (1.3

let A=T123 . B=-{3} , C-{3}
A0R = {23 ANC=¢

ALVR = T1,2.31%

A\B = 13 RAA =133

Ewale (1.4
Ra{2} : set cf all veal numbers exce]sh Y
( Cavbion : We camnst ke R 2 as 2 s not a set !)

B<awc|>|e (1.5

Solve =L> 1 .

x>l or x<-1
OR: xel-oo,-)0U,x)
OR: =xeRx\[-1, (]



Vv : 5or all

3 : there exists (at least one)
3!l: there exists unigue

= : implies

s -f and onlg_ rf (e%uivde.v\'t )
st.: such €that

Exmrv\Ple 1.6

v yelo,), I xeR st oy,

{ trounslate

For all postbive real numbers Y . there exists (at leost one) veal number
such  that -£‘=¢a.

Un $act , x5 oc xa-dg)

v Yelo,00), At x€C0,00) sit. Ky

{ tronslate

For all posttive real rumbers Y . +there exists unique positive. real number ~«
such  that -:E‘=13.

Un fac&, x:JTa onla D)

BmwcPle, LLF

Let x>0, 13=.h_r. -—11} =%
16?=x 3 :3=E (wh«a 2)
ExamPle, 1.8
ln ARRC,
LARC =90° = MR +BC = AC (Righh. Ham.)
AR+ BC = AC =5 /PNRC =90 (Corverse of Pigth. Ham.)

lf both stxtements ore Hbue , we Say
LBRC = 90" «fwdonha?f MR+ BC = ACT
ard we dencte tk by LNRC =90’ < AR+ BC = ACT



(.2 Functions

Ranction : A 'ﬁmc'biov\ is a vue that ass‘ujns +o each elemert in a set A
wd:l(a one elemet M a set B.

A 5 B set A : domain ('\V\Fw(:)
set B : codomain (oerPutt)

\'avsﬁe()e) s B - ranoe nf -f

ranoe (£) = fA) = {PeeB : xeP}
FOE R R fex

dcﬁwzd b.a
A ’ﬁ«ncﬁiov\ 'f fvom A to B is dencted Bta f:A—fB
Exa.mPIe, (2.1
lf D) -f=TR —-R def‘w-zd bca —f(-x)=x‘ Y‘QV\Se(f7=[O,oo)
2) ‘f s [.2) R defiv\ed bla “f(-x)-'x." \"G.V\Se(f) = [o,4)
Exo.mPle, (2.2
lf FR—R deflned b«a f&)=x’+‘l~
32('?3’ NESET I l% OR ke s yo=lek
nwput £
“F Owa“ depew:ley\'t ?V\cleFevdewt
variable variable
ExamFle, 23

|f f(x3= 131'(_1 , fincl the  (maximum) domain cﬁ f

Nete : j?eo = x?‘-?’(-x is a well-defined fw\cbon lf *-F=x £0.

'X?-:("x. =0

*x&=-P:=0

x=0 or %

. Domain _of § {xeR:x#0.33

= (= ,0) U (oAU (F,0)

= R\ {o,#}




BmmPle, 2.4

L-4%x+3 >0

xs | or %23

= RN (1L,2)

Exercise [.2.1

§ S mes

- 4-1.-«-3

= RALL2]

Exo.mPle, (2.4

l f x>0
lf jeo =4 o f *=0
-1 ‘f %<0
Exam})le, [.2.5
p & X nf x22
§ o
[ f %<

Exercise. (.2.2

Piecewise .bﬁmed Bunction :

Skewaeam?uoff&n{o

lf 5&0=J£—4~x+3 ,fincl ‘the  (maximum) domain ej f
Neke f(x)=..|£-4x+3 is a well-cleﬁv\ed fwv:&ion #® C-4x+320 4

.. Domain cf f = {xeR:%gl or x233% N_"3

= (-0, 1J0[3,00)

fincl the  (maximum) domain cj f

Neke. : :f(x) -:—‘qu_x—_d— is a well- defined -ﬁmcem 1f LC-4x+3>0 .
Ans : Domain of f {xeR: %<t or x>3%

= (oo, NDUE =)

P &N <>

2

=X

L;bL:bL;Ig



5<a.ml>(e_ [.2.6
Absoluxte  Value : -gw=l~x.l=E?
For exanple. 2l -3 -19-3
lol < {6t = o = o
I3l = day =4 F =3
(Sim'Fla sFeA:‘Mj: “throw oy the. V\eﬂad:‘uve sijn )
Rexrite (x| as a piecewse defined function :

"f(x) = x|

rd T Xz 0
(=

Bcamr(e. (2%
et -§m= (st 0l =gl

What 15 the %ru?h o? -geo?

g ldea: Rewrre -ﬁeo as a piecewise dzg“,,\d ‘fwr\ctiov\,
Note : (x+u={"*‘ X420 e x2-0

x4 ) \-§ x+4i< 0 (ie. x<-1)

(et = {14 |-§ Ax-120 Ge. x21)

-(x=1) e§ x-1 <0 (ie. x<1)

(e ) = x=1) = =% rg x<-|

-1.,2)
.'.§m=l1+l\+|x-(\= Gt -x=1) = 2 lf-lsxq

.2

4

Feo =t

(X0 Ge-1) = dx r? %=

-‘jc—o:z and -§(|)=1<m>.




Exrone.wﬁal and Losavﬂﬂ/\mlc Functions :

. (3=a" with aso

Note : (a-:ax s we"-deﬁvxed when as>o t?
Think.: lf a=-1, when x=+_ . ta:n":ﬁ !

arc = 'l>osi+2\Ie j?ov ana a>o and am(/l veal number -« .

. %'loj“x wrth  a>1 or o<acl
Note : %! [ojax is_well-defined

whevx a>|l _or O<ac<l| !

-Bna_ &nﬁ’n‘rﬁov\, if la-a%,"ﬂnen loqu.é: X

Facts :
(D) (ojaH'i-[OjaN = l°jaHN

'2) lojaH - Iojal\l = loja%
2) IquM"= Y\.[onH

log, x
) ‘0 =
4 jqi '03561 Cdnanje cj base)
5) e:2.31828... (ExFIa.iy\ lecter )

We wte l°je" os Inx  Chahal loj 5w\<:tiov\)
6) a° and (0?7- are. inverse +to each other,

logax
le. aoéa =% and logqaiax

r
a>

x

\ y=a

©. 1) a=1

gt f g 5

1) a>l D a=| 2) o<ac<|

y = logx

R B

D asl 2) O<acl|



(3 Tﬁabv\omibna

Dejln\-l-.im L3.1

‘the arﬂle SusFew:!ed is deﬁv\ed as | radian.

Direct Conseguence - T rod = 360°
Exercise : T™oved =

— =9

- =60

Remark : From now on, use vadian .

Tﬁsonome(:r‘uc identities -
®© Consider —the lev\jb'f\ cf AR :
n AR = oR+ OF -2eos et
= '.).-:.Cos(dd-(Q
A = (AR+BE) + (%)
= (Sinek +Sin F); +(coso - c»s(s);
= -'lo.:solcus(& +').s‘w\els‘m(5

- Cos(ek+€>) = Coso{cosF; -s‘moksiv\F

® Join AR , AR cuts 4he x-axis abt C.
Then cg(sihdousﬁ-i-c‘-oscls:nﬁ o)

L}
Sind + si

Consider +he  area o‘f AOBR :

V) area c-f AORR

) area o‘f AOBR

—+-OC-AN + —L-OoC - BE
L . oc. (AN +BB)

Sinek# sings
= L} (siv\elcusﬁ +cosolsinp)

Sin(el+%) = SithosF+CoS°(S?V\F

Ancther wntt o\’f measuremert of anle.s (radian) :

When -the (enjl:!r\ cf an _arc e%walg 4o the radius,

gl\ /MV\'I'(', civcle

A =(cosct .sinck)

4 OB OB Sin(d+f) =L SMGrp

area, o-f AOBC + area c-f AORC

= _li . Sincleos@ + cosolsin (sind+sin

) X, C
EOE/N :

R =(cos {5 ,=StA %)




Theovrem 3.1

Cos(dh+ P = Cosolcos F - Sindsin %
Sin (O+ F) = S'molCo3€ + CoSo(S?V\F
Comrowd anﬂle. fokula

Doubl | vl
" ouble. anﬂefo a

:

Sin &+ F) - S-W\OlchF + cosolSinp CoS 2k = Cos'dh - Sinch

veplace by -
Sin(- P = SivxolcosF - c;osa(sivxP i G 3 % = QcosA-| = [-2sinol

:

Cos(ch+ %) = CoS o(c»s(é - Sindsin % SN = D sinolcesA

lace by -
Cos(cl-%)- CosolCosF+s?noksIv\% ) il G 3 %
l Hﬂ.j quotient

vf the Ist and dhe 3nd eg”

_ _tand +tanp . _2tand
’(:avx(el+%) = ‘Ean&'tav.\F “tan =

:

_ tond -tang
—Em\(d_%)- l+::amel'ta.v'\F

> Product to sum Formula
2ceselcos€> = Cos@f) +cos(ol-£)
—QslvxeLs'M% = CcsCek-t%) - cos(d- [5)
‘lsimdscosF = STV\(el+%) + Sin(al- ('s)
'lcosdsinF = Sin(e+p) - stv\(ol-('a)
Pt o= Ak B AR

Sum +to Froclw:t fcrvm!o.

SinfA + SInB = 2sin A;3 cos -5.3_1
SinA - SinB = Dcos A._‘;B Sin -5.3_&

cos A +cosB = Dcos-22B cos -A;_L

2

n

cos A -cosB =-2sin P2B g0 BB




(.4 Se%uences of Real Numbers

ExamPle, (.41

let a:2, @=L , a 8 ,

OR write as f2.m, 1, -3 (Ne peactkem)

EmmPle, (4.2
Seiuences ho.v‘mS 'Fa:!:tams:

I-—Cb O“=| ¢ a~2=2 + a5=4 e .ln 3e.neml * an=1‘-l
leb a=t , au=kt ,ay=% .- in_general G ===
L—Cb Quz=l , BC3=1 , Cy=-1 , --- In 3enem| ¢ ah=('|)“

E><mP|e .43

Recursive Se%aence.
Let fad be a se%«ence cf real numbers def\v\ed l:na A=l _and apuz=an+ jbr nzl.
Then fad={1.2, 11,03, ...3 .

Remark 7/ Defln'rhor\ L4.1
A Sei,uevce_ 05 real numbers {a.d con be Yeja.mled as a fwxchov\ f :Z >R .
ond a.\=f<n) (e gjven neZ . vebum the n-th teon of He se%eme.)

A Se%«ence can be visualized ba_ the -Sbﬂouoinﬁ diajvum :

4
[ awg_k
a|=l
( ®
QI:J}-_' %:L
% N 3 fa“‘:*
{ > 3 4 =

Pwa observation ?

When n is 36&‘:»\3 laraex- ard (a.rﬁer , O is Se:H:‘inﬁ closer and closer 4o O .



52 Limts of Sequences

2.1 Definrtion

Deflnﬂ:ion 2.10.1 (Iv\fwma()

Let fasd be a Sequence cf real numbers .

B nois 3e(:un3 larae.v- ard (avser, Qn is 36&51“3 closer and closer to [ &R,

then we say Lo the lwit of -the Sequence fand and we dencte it by lim an=l .
In this case, {an} 1s said +to be c.cwwer3ey\'b.

Examrle 2.1.1
fg e eo
(im I does NoT edst.
N->o "
e a’\’(“\
(Rt some  still wetke vl\i_n’r\ W' atm o %,}
= Qyz | =\
say > d’wer%es ‘o 4+ ) * *
kV_;\a(-l)“ does  NoT  edst. : 5
( 2 3 4 =
Qy=-\ a3=~(
% *>

Theorem 2.1.1
) If On=k f°"' ol neZ" (constant Seguence ), then v(\f.';"na"" k .
2) l'f k>o and cz.,\=n'k=—':-E -for ol neZ", then v[\i_v‘n“a,\=o.

) (f -l<a<( ,then [m a™=o0.
\~dco

2.2 Pslsebm\c "RroFev-l:ies cf Limtes

Theorem 2.2.1
Let {a.l and fbal be Sequences cf real numbers.

gl

D i

3

“a,\=L and J\i_v;qﬁb,\=M (vera mror&aw(: QSSMFBM), then

7

i

“a“"'bﬁ = yl\l_gﬂ“ay\ -+ J\I_V;I\“L;“ = L+M

S R I

) vl\i_g\“anbn = (J\E_V;\“a\r\)(vl\;_v‘;\abv\) = LM

4) l{i— M#£o , G _ J\l_v;q“a“ L




E*Aamrle 2.2.1

Find  lim -?‘W +3

N—>od

I_oa“m“% : B% @

= h P h = i = . =
O o e e
Ba ()
. 2 . - . S - | Y . - -
® v&l'& 2.0, m3=3 , So v\l;:n“ 2 43 v\l,'l“e. W+nl‘l_:v\u3 o+3 =3

But what we write :

l L = l H
y\l_':» n +5 vl\i-')“a n +v'\|-”:\a3
= 0+2
=3

liwy Se*3 (We camct use @ wha 2)

[ 4
=“1:2° L (Now, we can use @ 0)
3
vl\l'“ |+'Wg'
-
_ L
=

Exercise 22.1
3
Find  lim ELE [im "’:m ('lf exist )

n-ves N—2N T e U+

2
3n+l [im Lern < grows -faster

Answer : [im
nes N3N e—ngs -faster n—>cs 2N + |

3
3ntl = o ; lim 222 does  NoT  exist.

lim
Nn—>cs W\ +1|

N -2

Pwa observation 2
Basicnlla, we are comFaﬁv\ﬂ +the desrees cf the numerator and “the denominator .




Ccmclusim .

ff Peo and %@0 are 'Folghomials )

m m-l
ICARIZ I At 37 Ik A R Y E X wrh am# o

(des ‘Fe.)=m)

Q60 = b + a4 e b +be  with  bfo C des qe0 = k)

then

+ o0 if m> k
im_’é%= Gm_ .f m =k

(0} ij m < k

Fo“ow'mj Hus idea :

EAAMFle 2.2.3

Find lim —30-t
W ek

Exnmrle 2.2.4

Fnd hm ,JV\.+ -dn (Never sa liw\ JV\.-H - s o-m=0)
NS 6 NN

hm JM -dn

N>R

= fim et -dn) —————

i ——
PRI

Find  lim 2
n->o0
)
ion : 2 4 (I a2 _ >
Question Cav\uescaé e “"dn‘”‘W""S"J‘!{;n o 7

A\DSolwfelLa NoT 2

Since J‘m‘ Y does NST exist |, 'Fvo]:erl:a Q) cawmst be a\:;\:\ie_el ?




2.3 Constant e

0 51x m,sa.xa mz= 100, N is 5ethv\j la.v-ﬂer and lavﬁer.

vll;n“(l+;‘\-)n exists ? SOmeﬂr\ivﬂ betiveenn | and oo

Theorem 231

lim 43 exists and the lwit s called e.

24 Sandwich Theorem
Theorem 2.4.1 (Sanduwich Theorem )

Geowmetvical mean‘w% :

73 X Qp

\

Nn=1o Nn = oo n = (000
[l Y\_ 10 | Y\_ 100 LY\.- 1000
G+ W\) = 1.0l (t+w\) = |.Oo\ (+57) =101
) 51x V\,sa.na Nn=100, m is Set!:mj larﬂer ond la.vﬁe.r.
m = O m = OO wm = 00O
| Yl_ oo | Yl_ 100 LV\.- 100
(‘"‘W\) = (.1 (‘"‘W\) = .ot (1+57) = l.ool

Nn=10 Nn = (0O N = 00O
l Y\._ 0 l Y\._ 100 1 V\_ o
(""v_\) = (.1 (""TL) = .o\ (l-l-w\) = |.o0l
x 254334 = 2Fo48( A2FI632

Let faud. {bal and {cil be Seiuev\ces °§ veal numbers .
|f CrnsbnsCa -for ol neZ" and xgn”an =v[\i_a;\ﬂc.\-L , then v({_n‘\“\on=L.

Consider a number ((+lm)vl which deFem\s on bsth m and n and then

n — oo

G+ 'L“)n—> oo

W\ — oo

n
(EXS

How about setbiva m=n_and let Hhem become |a.v3er and |a\jer 2

n —> co
n
U+5) > 2731828 ...

liwirt exists and call . e.

x bn lnfacb,'&\eresu"(: is Sﬂll"(:rv«e‘f

X % Cn G s lbow s Cn for adl nzn,.
K
L. x -
r— =<
Y

5 [dea: Estimate a Sequerce. bt that we do net wunderstand \lenawe!l bsa_
seguences fad and fcd that we understarnd well.



Examrle 2.4

Find lim ————
3o Ar+t +dn
NU‘&Q : O € l s

J_(J_\EJ(E -foro.k\nel*awd ‘!\iw\o=vlggﬂ_;
nt++dn e * 2n
Btasaw:lw\ck'ﬂ\eorm,lim l

—_ =0
" el +din

Examrle 2.4.2

Find  im —}L—sinn

NS
. -Lg Lg < L + L
Note : S SN S -for oll neZ” and vl\i_v:\“ .

BV(\ sanduich theorer ,  |im Lsimn-o .
N

5
sk
]
(o}

; 0

Exevcise. .41
Prove that hm S;—g: =0

N—>oc0

Hick . —(sG1Y sl

Exercise .42

|:'j' GnslbnsCn for ol neZ" and vl\i_;a“a“-\

can we conclude -Haat -lsv!fi_v:\wb,.sl'?

,vl‘|mc.\=l,

No ! Considesr Qnz=l-% bv,z(-l\“ r Cnz Ltk —fm‘ al neZ .

We have aesbusca for al neZ" and vl\‘-_;m“aﬁz-\ , vl\i_ﬁ”\“C'\‘-‘ ,

however lim b does not exist .
N-2R

'é)\
*
* = " a“:l*%
= ® o
bn'—(—l)“
>
3 L 3
x x N Q\:-(-L

o



83 Limits cf Functions

3.1 'Dejw(:ion

'Dej-iv\'re:on 3101 (lnj?wml)

f S0 gqets closer and closer to a redl rumber L _os % qebs closer and closec’ 4o <
From loth sides. then L s called the It of Fo at o, and we write Jim feo- L

n —Hais case.f(u.) 13 said +to becamex-%ewt-to L. as w terds o c .

('34—— X
T Note : a litte bt m’usleadirj ?
f@ ma.g NoT eiz\al 4o L , even ‘rEmcu&be u.v\cle‘-flned!

E““"‘P‘e 201
i feo et , Find _,(Lumfeo 4 y=foo =+l

t x 0.a 099 o.199 ( l.oot (ot (.|

5(1) qQ 199 (@99 22 2001 201 2.1

fbo-tads-(:o 2 as x tends +o |.
We  wrrte llm-f(vo=2.
e &1

Remarks :
D+ The -+dble onha_ SNS an inturtive. idea , but NST a ﬁgurous ‘P(ocf!
2) A\mngs Remember :

Do NoT reﬁawd jind‘mj lmit as -qu&mj == into fbo and 3eHav\3 f(|)=§.2




EyavnFle_ 2.0.2
Let ffx) be a -fumc('jon cleﬁv\ed bé- -fw=%'l_ XA
WUe. can rewrite 'f os the followinjz

{ A1 'If p &

wndefmed lf x=1

f@:

% 0.Q2 0499 o0.999 ( l.oot Lot .l
feo 19 (99 194 w\defw\ed 2.001 2201 2.1

f(-:o-&ew:ls ‘o0 2 as x tends o I.
(But , we do NOT care what lfsaFPer\s when x=12)
We still hove lim -f(vo=)..

e &)

ComFare with -the Fwevious exawrFle ?

g=Feo

x -0O.l -0.ol -0.00l

f@ (o) (o] o

[oXele]] o.ol ol
O o O

~[=o]

bo Né—r Care 2

ii:\ef('x) =0 whidh does NST eimal +o f(o) =1



ExamP‘e 3.1.4

Let f='k\[o'i—'>'|R deﬁned Iola —fw=—.'§ i

xX -0.1 -0.0l —0.00l| 0.00l| O.O1I

téz—j’c:o

o.i

S
Feo 1o (" (c° unclefined ©° (c*

2

lo

feo +ends to 4o (NOT a veal number) os x tends 4o o.

lim -feo does NoT edst.

L0

(Rust some  still wrtke ’l(i_n;\‘, =+ or say '?(75 d'NZY%ES +o 40 as A tends to o)

Theorem  3.(.1

0 If k s a constant , then ii_v:\c kﬁ\reﬁardal s a constant -f\mctim —fmak.

2) l'um X =C .
xX->C

S
>

Feo=x

'Definﬂﬂon 2.0.3 (|r\furmal)

ffeoae&scloserav\dcluser'boarealnuw&erasxaetsdoseraml

closer to c From the ﬁSH: (left) hand side , then L i called e

vight. (left) hand  limik of )eeo at c.
We devcte '°8 _’lLi_g\c;jeo-L C lim Feo =L

*Y



Jon foo = o et o

JJL“G feo = im L (does NOT edst)
-f(o)so

Remark :
4o be the same !

Theorem  2.0.2

I feo =L o foo- i, foo oL

Exanple 3.1.6
x =22
Ij?feo= ( f X2
a ‘f %<

Given that 'il-v:\:. f(x) exists . What s the value df a

ii_v’nl Foo exists = Both i\_v;\n_(_fw and 1li_v;\l_ Feo  exist

ard -li—;“:."'feo : ig“‘f fw

ii_v;\z_._f@o - ii-'!\‘z' fw
-li—;“:."' = .ii—';\‘z' @
2=a
ii_v’nzf(x) exists ,i'('. forces az=2 !
Remack : t is wsﬁnin% related o -gca.h(.

'Rlskb hand limrt and |ef(-, hand  limit cf a fw\c(-jon at a Fo‘\wb are  NGST necessany




9=l
Etamr(e_ 3.LF

et ¥ =1l x T X2 0
fo jor < 1

d .SSZ xX<O

S
A oo = Jims,

¥
i = |i - =0
7lL‘:\o' 'f(‘x.) 7ltl-ro+ *

Don+t SktF !

_}Li_r;\o.,_f(ﬂ = _li;v\o_fbo=o ord so .,!_'l’,"ol’d=°'
Remark : We cannct sa.«a_ J_'!g\of(x) = Jj_v;\c"x. or ii_v;\Of(x) = Jti_v:\o-x
since  when we find [im f(x) ,we need to consider -the neijhborkood cff o.
x>0

However, -;lci-':i. feo:(s_m_ %« =2  Since f(u) =% In_an neijhboﬂwood c:‘f 2.

32 Nsebmic Properties cf Limrts

Theorem 3.2.1

i both im feo and il_v;\cﬂeo exist (Very 'umror(:avrt aSuwerim.”) ,then
O i Feoxge = Jip, Feo + Jip, geo

@ fin Feo-geo = Jig Feo - Jip, geo

@ i Feogeo = lip Feo - Jip geo

@ i o0 o A5 S if ilv\cgeogéo.

0 .
XS>C 3 -i'!,"cﬂw

ExamP[e. 3.2.1
BFind J&V\z L-5 .

. ®
O lm ==, so lim > =lim@x = lim % lim%x=22 =4
25y Ea Y >3 sy PESY

?)
@ lim3-23, lmCl, so lm3F=lm> lmx =340
A2 A A A2 A2
. 2 Y (1) >
® lm33t-=02 , lm 5=5 ., so (im 251 lim3C-lm5 =0N-5 - E
A2 A2 A2 A2 LSy
But what we write :

lim 25
AN

D
2(lim=x)-5
=<
3.3 -5

q.



ExamFle. 322

Find 7[(;1,\” 28

x-2

i 22-8 . A 3-8 3-8 3-8

x> X-2 . - - _
Jg_v)nl x -2 (ﬁg‘x)-‘l (-2

=5

Coaution ?

e seems that ™ makes wno diﬁerence bta *P&&.lnj %=1, and -+then
[lW\ 4—8—3 = = =N |}'-8

-3\ -2 =S

But, think ca.refv\“«a I et f(x) -34;8— ,_how do aou\ know IIW\ ‘f(x) f(l) 2
’Mvgs will become clear when we discuss cawbv\urba cf func&mvso

Find  lm /%=1
xS o 37(.+1
Note - (ml =242 = O, [0 we camct use &).
ln =l o [y GDGAD | [ X (4)3“:‘! X+ 2 | 5
13 A Foy 4 xSt G-D6e-2) rx-n %-2 hMl ~-2 =1

|
%=t #o and division can be done ?

ExnvnF[e_ 3.2.4

Let $ R >R defined by S =Z5
Find lm‘f(‘:d

; | &+l . . e .
_il_vn %— -Jlnm Jv_t._l_ RL (Some'ﬂmnﬁ like vationalization )

_l ~-1

o G D

fimn —!

12: F+1

=

Y

ExamF‘e 3.2.5
X) l
—_ = = —_ = - —_ = Y ’?

_le_;\O 4 [m =*- ;C; l:w:> = - ’li:’v\o == = © Jlro == = © ngﬂmvﬁ Lrena

[imn % does NOT exist, So we canckt use ) at k) .

Ao




3.3 Sandwich Theovem ‘for Functions
Theorem 2.3.1

lf :)ebos 3(1:)51'\60 -_fov- all xeR e} and lw:cfbo =alci:'>"c.hb° =L, “then i".:‘cﬂw =L .

Geowmetvical meav\ir%'-

&4

Y=heo n facb, the resutt s still trwe tf
j’eos j(x)s heo holds in an open rterval

Lt Y= %@O Cov\'ﬁaivfms c but 'Fos'lblua_ e«er c.

c icd

ExamFle_ 3.3.1
Rove that lim ~cos L =0 -

A>0 = sy " {(3-1.

‘‘‘‘ . Lcos4
Note that : - = cos— s | for =<#0 /\( x /"\
‘--h"",?e_ O _5,51_"7'\“-"

- s «Ccos =+ s / = w\“-/ A

ond lim - = lim =0 ’\ .-f
A->0 >0 ‘a
Bla Sanduwich theorer ,  lim x"cos"—,;. =0 .
A->0O

Remark :
Sandwich  theorem can be Sey\emlized —+to [eft and ﬁjl'\'t hand  limiE .
Let jz,g,h R->TR be "fw\c'blons and ce®

lf j?bos 3&)51«.(-,:.) fov’ al x<c (xs>e) and in_r;\c__-'fbo =’|Liv_;|c_hbo =L (,l;"_’;‘afw =,l21"¢+h°° = L)
then ’ltirc_gecuL (lii"aﬁm:l—) .

Exercise 2.2.1

Prove that Jui—':\u"' (£-|)Si“(J1LlT) =0




Bmw\Fle 332
Rove that lim 'JLCOS—,;L =0

A->0
Note that -ls coso st For xfo
—bls < s Il
-lxls x cos == s Ix| for xfo
Also lim -kl = im &l = 0 ;

A—>0O A—>0

Eaa +the sandiich theorem ,  lim s cosL =0

A>o *

Theorem 2.3.2

|. Sin X
im ——— = |
A+>0 x

- [dea: When x becomes swmall (but nst zers) , botda sinx and % are swall,
but the %U\Gbiewt c;g drhenm iz not small !

prosf

1) Consider O<x<L , we have

Brea of aohe < Area sfsec(-mr OAC < Brea cf AOBR

Lrismx < Lrx < Lritanx Y

Sin% < X < tanx
C—

W ————— 0
Sin= < cos % < Sinx
Pl %X

Sinx
Cos X < =2 < |

2) Comnsider -% <x<0 , we have
Let ta=—x,'b|nen <><la<-'§:- , So
S‘M:&
cosna< '3 < |

Sin (=x)

Cos (=x) <« =

<1

Sinx
Cos X<="=-< |

'Bua W _ond ), cos x<—S“"T’°<I vV xe % . 0)ulo, L)

Also ‘im COoS X = lim =1,
A->0O A->0
an the sandwich theorem i SO _
x>0 X




E«aw\Fle 333
Pnd IiM Sin3x

x>0 | X

lim Sinzx | ljw Sinx 3

= .3 =3
KAs>O pra AsH>O 3 Q2 Q2 Q2
B(AMFIQ 33.4
= Iim Cogsax -cosbx
e = Qb b
. - b-a
Iiw\ COS&X.—COS! x liw\ .}.SIV\TX SlV\TX
x>0 Prog x>0 <
S'Mﬂx siv\ﬂx
= lim 2(8tbyk-a) = >
A0 x x _@Jb.x _b‘a >
Y Y
b-a

2

34 Liwts at lvfin?ba
-DejiV\'rEIon 3.4\ (lnfbrmal)

lf ffx)ﬁefs closer and cleser-baarmlvwloerl_asxseﬁs l:iﬂseramllol exr

(as -:Lsoes-ba +00) ,then L s cdlled “the [imrt cf f(:.) at +oo . We wte i'-“»"-m'f"")‘L'
( Similar deflni‘&ion fbr fi".;f"‘) )

4 A
Fowm the @mFl" . we have a /\
A S bbb i feo-t % %
- _74 ™M

. JL‘-“»AM ‘f('x) and i}_a‘fb&) are. NOT necessawa +o be the same !
However UQ im aj’u) =7E1“- 'f(-x) =L , some SiMPl'a wrirke. 11;::\“ -fbo =L.
Examrle. 2.4, %;
Let :fu):—.,‘: , %0,

Then JL‘-?mbe‘a(gii“-» ) = O,

or SimPlla Wit JM“-fcao =0.

|
g=f

Ry

Theorem 2.4.1
0 3 k>o , then lim —(-_LE=O.

A+

2 lm (+d) ce a 231828
1.-:;:\00 x . .




Theorem 2.4.2 \

If a>l , lm a0 \
X-r-00

lf I>a>0, Iim a‘-o
A= +oo

lim (%=1
X>too

35 NSebmic Properties cf Limrts b Infiriteiy

Theorem 3.5.1

¥ both lin Feo and :Ll'-'-“mﬂf"’ exist (Very imrow(:o.vrl: assumption 1), then
Wi Feo+ge0 = fin feo + Jin_geo

@i feo - geo = Jim_Feo - lin_ geo

@ Jin Feogeo - Jin oo - Jin geo

@ i S o e § Jin_geo#o.

i X3¥eo)
Y I3

Similar resuts hold -for liwts ot -oo.

Examrle. 3.8.1
2
Finé xlk“-(-eo f‘ii-ﬂ
3 2037 N Ry (ke does NoT exst
Lim T == l—"' o imits  does NOT exist.
im A
3 A=+

lim
X->+4c0 P P
+x+=

2

"
X3+ (+O+0O

=3

Examrle. 2.5.2
Find

i Pl LA\
e S ey T
lim ple &1

Lrdos 0 + |

|
x



Conclusion :

tf PO and oo are polynonials

Peo = B+ G X't 4 Qo+ Qo with  @mito (e. deg ?&)am)
qe0 = b + G 't b by wrth bafo (e dea 60 =n)
—then.

+o0 /-0 lf m> k

llW\ —_Lx) = Gm -‘f m =k

A>+0 %(70 b_m
O f m< k

Similar vesute as the cose n liwitks of Se%ueyces.’

Exa.m‘rle. 2.5.3
Find ih-'w:w 44
x(""deﬂ (

lim

;! = > limt should exist 2
P00 N4+ R Wea . d ‘
i < My

= llm

S
RSy

= lm l ( Cavtion : vc<c>=>—'—:-l—l—)1 =-|L )
A -0 ‘J—Jx:',_—q-f-i-l ES = ']—:

=hM = (

A-> -0 W

=-4
2

Follouoivg s idea, we are 3°in3 <o Compare. e)cronew(:'ml j\mcﬂons and -Folanomzah.
Theorem 3.5.2

™

D lim 8™ o |im = =0 . faran\a k>o .

XA>+o0 X->+00 1=

X+ K>+od

(Roual«\(«a s-l:eol:ing : PAS Yo+ , €° awus ‘fos-(-,e.wr ’ -Han ana 'Folanowal
’me)e can be done when L' H’&F&Jal 'S rule is covered.

) lim "Peo e lim -';_L:f =0, ‘fcr avua 'Folavxowﬁa\ cho .



Exam‘Fle_ 3.5.4

*x  -x L %
Find lm 2t ognd  [m <2 te
A0 X e—"- AS-00 e_'x_ é"‘-
~ h - ~
i er dommabnﬂ “erms i o dommabnﬂ ‘erms
e g e* e gL
| lre | >
+ e +1
'xi-:’-\i-eo [ =-,Li_!.".‘..°° o |
|+ 0O _ O+l
-0 T o-1
= = =1
g {dea : —E‘iklv%_ %vxo‘ﬁen'b c§ e dom\ndﬁn%_ “erm.
3.6 Lk lvwolvin3 e
Exa.w\PIe. 3.6.1
X
Find iiﬂ-tw(l-b ‘)::cll )
g Lx-N+t
b Ce—1> o hm (L) *
AH+0 | PR 22X -1 n N
2%-1
= | l ) ( *
iﬁ"m[(l"")_x-\ )y 1] b )
= e‘k . l
<
= e
Exa.w\Ple. .62
Find ‘im (l-fvc)%c .
X0

| <t ‘6==§E , a8 xX-=>0 , :a—u-.oe (Nst owl‘a +o0 , but also —oo)

|im (l-\-vc)%z = lm (t+—‘—)‘ef =e
xX~>0 (a-u:ee %




2.3 Sandwich Theovem at |v§‘m‘rba
Theorem 3F.1
Let :g,ﬂ, h - R->TR be ‘f\mcblov\s .

lf f&)s 3(x)sl«ix) -for al xeR

mdxﬁ"&fw=il"&h°°=l"w x&-:«ﬂgeo:l_.

Geometvical meav\ir% :

‘67
%gp\(x) ln fac& e resutt s still brve \f

Ll ‘g=%w\ -fbas j(x)skbo fmr al xela.+w)
e

Similar resutt holds 'fmr liwks ot - .

Exa.mFle 3F.1
Find liw\ é"simc.
A-D>teo
Sine -l<Sinxsl and >0
€% s5inxs e
Note : lim -€™ = lim €0
A+ A+

B.a the sandwidh “theoem |, ng\m e sinx =0.

Exercise 3.0
Show that lim SM=% . o
XK-Dtod x

(Don“t mix wp wirba lim Snx ()
%<0 X



4.\ Defin‘r(:lon

'Defv\'r(-.ton 4.1
A 'fmcbov\. feo 1S Said to be cortivuous at x=c rf [iw j"eo =f6c>.

xX-SC

dea - @-&TA_ e%,al
i Je = See>

7 \

© Lk exists ® well- defined

L

Geometvical meaniwg :

&

tHre cune does NST

—_ lveck u-r at He ‘Fo‘wd: xzc !

—
o --d---4
!
}‘ — ——

Farthermore , f a fwcﬁcw\ f s continuous  at eve\na '|>o‘M+. whenever Tt 1= dzj‘menl ,
then 'f is said to be a costinuous :f/\wcbov\

(31

et h=ax-c , ie. x=c+h (Remark : When x<c . we have h<o.)

When « tends to ¢ . h tends o O.

_\'herefove , we have ancther -fomulaﬁov\ :

A -fw\caw\ $60 15 said to be cortinuous at x=c Fg J\To-f(c+k)=fc).



5<a.m]>(e. 4.1.1
Let §:R>R be a Function defined by far=ctl.
We have : @ [imfeo= fimxti=2

® fw=+1=2

g fis cortinuous at == (.

E«zmr(e 4.1.2

Let §:R=R be a function defined by
(1

. X£0

¢ .
sSnx _
Ne. b\ﬂ.‘le ﬁg\ef&) = 1‘!_!)/\°T =

Recall :
i $e0 L ok oy § L 500 <im0 - L

Rewrrte :

Eca.mr(e_ 4.1.3

g

~-1 ij? <=
- Zf ~< |

® lim+ (ﬂ = lim+ X’.-l = O
x>\ x>

@ lim $e0 = fim_ (- =0
x> x>

@ 'f(() = l’.*l = QO

j" R cosbinuous at x=1I.

. f is continuous ot x=0 & a@!‘ofc"hf@ ,ie asl .

A ‘fumc(:lovx 'f(-x) 1S Said to be corttinuous at x=c Pg _Li!’nc_f(vo =_!2an+:§(1) =f(c)

S -
\‘ﬁ 4-feo
—> X




Exercise. 4.1.1 %A

(6=h<l
Show that fwdxl s a conkinuous fwhm.
Hirt : Show that feo is corttinuous
() for x>0 ; (i) abk =0 ; (D for <O . >

Theorem  4.1.1
¢
. (f fm ond 3&0 are continuous at x=c , then fb-)tjeo ,fenﬂe.) , 3{-:0 (ﬁ@q&o) are corttinuous
at x=c os well.
. FPo(anomial :functions and o?onewtia( fwc&:lons are. continuous evev-awhere.
. _Frijonome:bric fw\ct\ons and lojav-'r{:hmic f\mc(:\ons are. corttinuous at every 'Poivft whevre 'H'\ena

l:f 3(10 is_continuous at x=c and fbo is continuous at x-j(c) . then f(seo) is continuous at x=c.
(That ‘s whg we o\swall.& have i‘-’»’.\:. -‘jcc) as we u\swal(ta look\nj at continuous ‘flmc:(:ions.)

Exnmr(e. 4.1 .4

_ 11113 . . .
Lt f(%) iy io\cs'(:iev\'t c'g “*wo Fc\cancw\\a.\s ( cortimmous -fwu:‘bovxs)

kY
= %‘;%) “the devrominator = nonzero when X #1 or 2.

f(z) is continnous  abt % e R\ {123}




4.2 Conbinuous  on [ bl

Defivickion 4.2.1

Let §:la.bl—®r

£ 1 said to be costimous at x-a -f Jim Feo =
§ 18 said 4o be conbiuous at x-b -f in_-;k-j-’cx)rf(b.

a1 o0 (b, o)

(We. camst ~alk  about
—x'.ia':’ -f(x) ard 7[(::\;-.?(-:02 )

Furthermore Tf a fw\cbiom fﬂ:a,loj —R 8 continuous at every Foivrb x ela,bl,
then -f is said to be continuous on [a,bl.

Theorem 4.2.1 ( lnbermediate Value Theorem )

Suppese. that. § s continuous on Tabl and  Far< )eda).
Furthermove |, rf | eR such “that -f(m< L<fdo).

then there exists (at least one) c e(a.b) such Hrat f(c)=L.

Similar vesut  holds for -f(a) > L >)e<|o) o (What s Hee 'Ficbwre 2)



EmmPle_ 4. 1

Let $e0 -

© F=1<2<h =S

® -jz is cortimuons on Li,21 (h —foct,om‘lk)

Biy the [rbermediate Value Theorem , there exists cell.2) such that -f(c>=c1=1.

c s A ‘o&a defw(rhovx (

L2 (estimates )

A @=*
We can -fwr&l«er detain a better estimation Bla :

b oo
® Take the miq\-?oivr(: cf Ci,n1 ., ie IS '

I

® fu.s) =235 > . 225 I

Pl i | :
S -fm=|<1<:.:s =-f((.s) o - | : ;
L l<dX< L5 U 15>

_RePeactinj asam and again 4o otan better and better estimation .
K s wel-known as mebhrod cf bisection !

ExamPle_ 42302
Show that 2z L has at least one solution.
Cie. let fao=3" %  the on fw=o has at least one solution.)
Note ~that f(Lz)-z*-(__:i)s=5-4<o
fw =2-L:a-1150
and f is cortinuous on [ .1].
Eta the |lnbermediate Value Theorem , there exists cec. 1)
Such that $o=-2%L .0 ,ie. 2Tk
Remark: & and | con be replaced ba sther points aard b, but we have

to make sure Hnat f s continuwous on [a,bl.

f(() =2'-—:5 z2-l=[>0

Can we use the lrtermediate Value Theorem 2 No! f is. NST continuous on [=1,17 !



4.3 TRelative and Absoclute Extrema

befsnr(-_son 4.3

'ja has an dbsolute  maximum  (minimum) poict _at_a .f
foosf@  (feoz2f@)  For al x wm the doman of .

'f has a  velative.  maximum  ( minimum) poirt at a nf

‘f(x)s fa (f(aozjf(a)) For al % i a wghbovkood cf a.

= |<:le,a : re,la'h\/e maximuam e
/ \ 4T
7

No"&e. : No absdud:e maximuam
. ) N this case .

Absolute mininmum / \ velative  mivimum
Remark :
D We SlW(Fl\& use  maximum / minimam o refer relative.  maximum / minimum

2)  Absolute maximum / minimum  are also  called Sloloal maximum / minimum .

Theorem 4.2.1 (Maximum - Minimum Theovem / Extreme - Value _nr\eovem)
Let ffa,l;] — TR be a continuous fw\ctiov\.
Then -S- has an absolute  maximun and an  dbsolube  minimunm on [r.bl.

a‘050|u"‘:e_ maximuwm
‘au pd ‘6\
Q‘OSDIM‘EQ maximum
=
| |
1 |
! Adbsolute I
: m‘mimum'"\‘l :
| | | |
! I f I
! N 1 —_— ! 1 A'
a | A a M—
dbsolute  winimum Plosolute.  maximum / wminimum may be attained

at the boumda.ﬂa 'Fo'm‘& cf‘ [a,L].

Main %»\ES'hQV\ . Given a fw\ction ,how +o jmd all absslute / relative  extrema
Dﬁz«mﬁaﬂor\ "Frwicles a 'Fmeﬁ.«l ool fbv- -Hat .



g5 Differentiation
5.1 Idea of Derivative
Recall : (avernﬁe.) SFeed = _d%'magm.

distance.
(63)
1 S'ﬁm'\ﬁlfvt line.
S‘:V'b = V:—_SE
S‘oFe =V = S'Feecl .
, time )
FRQW\a.Yk :

Usiv\g elisFlacemewb and velocrta Tf g knew .

How about this case ?

S
A S=f(’@
distance ~traveled distance ~traveled
<
fYDW\ tz0 to t=I ‘frow\ +=2 +to t=4
SEY -5 (Sw-s©) (Sw-s&))
St =s(0) 4 ) ot Uha? The S|>eed 3 cl\py\ﬂinﬂ.
[ > R 4

Speed 15 different. at differest moment..

Hold on 2

What s the vneav\img o‘f S’erd at a ‘FarhaJav wmomerct  (startaneous s,yz.ed) ?
We need a defintion I



[wstertanesns SFe.e.d at +t=+t.:

SA s ='§(‘€)

\Ie_na swall

Pwesmﬂe S'Pea:l beteen +. and +o+st
in distzn ot st - Tk
=d'\aM€ n ce=AS=‘f(+5t'?( =Slo‘(>ecfl

CL\a\vJ\ﬂe_ in time st

. [dea : Lek 2t becomes smaller and smaller !
Instantanesus speed at tte 18 defined 4o e [m Feborte) ~Fe
(’rvov’tded H* edasts | 7‘)2 so . it s dencted b‘3 -fl('tg) )

3= L 3 =f)

, as st—-o /(
: _% [’
l -
s: =
+. +xt >t +. >

Note : When sts0 , L becomes he —Eansafk e at +=t , So
S[UI)Q o‘f Fhe ‘Eanﬁew& e at t=t, = je (T



Es«\mFle. 5.1.1

lf s=-f(+.)=-€, Find $o  (ustantaneous speed at =2

fay = | :f(‘l-(-st)-'f(l)
Fe = lim =E

livn (#aty = 2
>0

E
|~M 1-24-1-,5:545

>0

le sax+at =22 =4

->0

IV\ Sey\eml ,We have ta=-f(—x) . ’ﬁk Ao .
Thew ‘f’(-x.) means vate csf cl«av\ae oj! Y wrth vesrecb *o x ot A= .

])cfin‘r(:ien 5.1.1

$oo0 s sad o be differaticble at xsxe # lm Fowtso-Foo oxsts (called the frst principled.
e is called the devivative cffbo at x:% and 1t is dencted l:a f(’at.)

Note : ‘Bé de_ﬁnr(-jm, |f f(—z.) is NoT ueu-dgfmd,-&m f’(—x.) is NGST mu-defned.

l et axex-%0, i€ K=Aotax

When ax tends to 0, % tends to ..

_merefwe , we lhave anchher fcmula(:ion :

$e0 18 said to be dfferentioble at xax Bl Foo-fe  exsts.

X -Ao

?erfom +the -rrevious s-sz at every Foivttz

4
/'banﬁe.wb live at (= ,-f(x))

(¢, F60)
'f(" Slo’lDe_ =A m ux-"AZi— =

li
WSO

|
L}
|
L}
]
'
— x —> kS



Recall : What s a fwncﬁon 2

'Roujkha sFeakins, Snvev\ on inr[wd: %. rebun a value .
Now, we consbruct a new Mon , f'(-x) =A~!&‘ow (if edists)

(e jtven an ianE « ., return -the sloFe. of +he ‘Ennjew(: e at (-x,f(x)), )

Exaw?le 5.1
F Foo-2 ., Find Feo.

f'(x) « lim Feeran foo
AX>0 AX

e 2
lilM (t+ax) -
XX=>0 Ay &

icY
lim DXAX+AX
AX->0 aX

liw: X+ = 2X
AXS>O

TRelection  between the 3m|>ks o‘f -fco:f and 'f'(x)='lx :

4 4
i jfco - ‘ -f’@o =2
i — sloFe =]el(x‘.) = 2Aa f,(m
(-xo.-f(n)) e
7 7 x
Ao Ao

Netations :

16=fco--£‘
—df- = %‘i— --f'ﬂ-').x

o] %

= f @®=2@):=6
x=3 x=3

])efin‘r&ion 5.0.2

If f:A—ﬂR is a.:fw\c(:’-ov\ that s d‘tﬂ?wmbiqble at every 'Fom'(: n A,
then j?co s said to be a Ql'ﬁerew(ﬁa\:le :Fw\cﬁon.



Theorem 5.1.1
I:f fe(.hk,u&\ere k is a constant ., then j'(ao=o.
an
Note : ‘tomgewb line at (-x,-f'(vb) is hovizontal
f'(x) =0

k %rf(x)-(:

> X

Concne:&. CQMFwEdﬁion :

llW\ =?(7L+A1) --%30 = IIW\ k-k
iy &

AX->0 AX~>0 iy &
= lim =
Auig\o &
= IiW\ (o]
AXSO
= O
Exercise 5.1.1
Find f’(x) 'lf
(a) -f(x)mc Ans : -f'@ou
b Feo =L Feo = 22

Theorem 5.1.2

lf fbo-'x.r , where r is a real number , then f'(u)= r ' whenever t is ée\fined.
CThink « lf r==L, f&)zR which isdefined whea x20.)
procf

ernlca_‘Frwe Hhe cose fbo=x“,w\'\ere n is a natwal nuber.
lin Lo —feo e lim e’ -

Ax~>0 o AX->0 axX

- >¥
. lim L+ O o v Ok + -+ Cn e ) =

AX—>0 > &
. Iim n na no_n-t
Ao Ch 4+ OO+ -4 Casx

et ferms wrkh powers of ax

= NC




5.2 'D\ﬁerml:iabil‘&a and QM(‘.lmrEla

Theorem 5.2.1
B foo is diife.rawﬁal:(e abt =%, then fbo is conbimous  at e,
'Fvoof . 'B(a ass'/m'sbov\ , A:(!i-'snb —ﬁ""m:;"?e@ exists

Blso, we know lim &% =0
Ax -0
i _ = | ’f(-x.ﬁmo —‘F(—:(.)
Ax!—v:\b—f(h“-A’o f(’:(b) AJ'_V:L A% A%
beth exist
fewo Fe |
= fim Teta0 - T im &%
AX—>t LY, & AxSo

=f'(xo-o =0

Ax->o

|lm ’f(-x.+¢x)=f('x.) . So 'f(x) s combnmous  at X =x%o.

However , the converse 15 NST e

EWF(Q 521

) =je(x)
— ? d
Le:bf(x)={ -1 «fxal \|

[-x l:f x< |

t >
N 'F((-(-AX)-‘F(() _ | [:(H-Ax)l—l] - J DA A&
Bl(iu—?o"' & B Al;m_:\o"' AX = &35" Pav & 2
(e weans wWe ave (ookivsg at
Swall bt —res“rhve AX)
N 'F(l+¢x)-‘€(|) _ s Ci-Gaaco] -0 3 _ -&X _ _
leg(.v‘-?o— o - A(ale-?o_ AX - A{lvcgo’ ax I

A

(ft wmeans we are looking at
Small ok neaa-hve ax)

s Flasd-fo 4 [ Frso-fo o s -fo et D
llm+ +AA‘1 # llm_ "'A; = lum 'M; D coes NST edst !

Par 224 Pay E24. SA=s50

-fcn s NSt eh-ﬁevzw\“\a\ole at x=1.




Exercise. 5.2.1

2) Show that f(-x) is continweus  ab x=t, ie. Jfrl\:fw=f(().
('n\ersze ,the converse stafement cf Heorem 4.2.1 is NST bue . )
b) Write down j?'co for £l

Answer : 2% ‘f %>

féz)= wde_ﬁwed -f %=1

53 Elemeera.na Rudes of bﬁe\—a«-{:‘.«eﬁm
Theorem 5.3.1

§ feo and goo ore chifferertiable functions , “then
D (f49) 60 = F0+ gbo

2) <-§-3)’<=o - $60 - g0

2) EP\—oeluc(-. rule] (j-ﬁ)'eo=j'a>3<>o+j?eoﬁbo

. s R0 a0 -Pfengen .
4) Eqbwsbent rule] (—g—)(x) = 9 \)[%Qx;]‘ = lf 300740
poef o -

lim  F-Ata - (F -
&SX>0 %

R £(1+Ax)g(x+&o - foogeo

> 2 SX

o lim Fora0 getas -$oo qearan) + $oo gGran - feogeo
P> [ U A 1%} it

- lim Farso-feo 3('x.+ax)++ Feo -QAM’;}:

Ax>o AC + 8(70 s d‘ﬁeven‘biable
- f'(.,o 36:0 ...f,_)ﬂ't,o > 8@0 8 cortinuous

= ALIL\Q = 3(1+&0 = 360

'DIVZC'E COV\S?V\QE. :

“Theorem 5.2.2
f k is a constart and :)%o s a diﬁzrwvhaue ‘fnnc‘fuw\,'u‘\en (k-f)'(x)=|<f3>o.
proof

Usivxj —the -aniv\ch vule and “theorem 5.1.1
k60 =£|i),f(") + kfiu) - kfto
o




Ewwr\e 531
Find adi L4+TF= -2

£ EO+EF)-F @

adi Gl+F=<-2)

RED+TE@-F @

0x) +F D - o
(:x-t-’-]-

Exathle 532
Fird & G-5x+ )0xt+H

é:{; [R-5x+ Nx+P)]
=L adi(si?‘s""' D] (x4 ) + 3 —5x1) [ad;b-i"':f)]
(bx-8)ax4F) + Bl=-5¢+ O

18+ —33

]

'Tva +o Cowpare. E><Pav\c§ (RLC-5x+ )Ox+F) and 6€(-' (>-13+ll-i"-'%">vc+:|-
Then Q‘Zﬁeevewha'('z , gzt the Same  vesuhe ?

EWF‘e 533
Find “the derivabive of —3*—

X+

[ad;_('?i)] GE+1) = (=) [ad;_(x‘+|)]
I S o)t

- 2 (1) = 2% (%)
ety

- 2
&+ 1)

EWF‘e 534
Find “the derivative cf J_lv_t__-(.ﬁ
a‘:l;(j—’l"_-ﬂ'ﬁ) = ﬁl;('i{+x*)

2
-2
= -~ +




54 Hajl/\er Devivatives

sS&) : distance f\md:\ons (deFew:E on time €£)

Cinstantaneous ) sPezd = rate c:f dwse cf distance “ravelled  wrth v'esre::t “ +t.
NEE) = % (still a-fw\c('bv\ sf-t)

Question : What s %"E?

Prswer :  Acceleration J
= rate c'fd/\anje cfs,me:l w‘rﬂavesrec‘:-bo-b.

2

We  wirke a&)=%’€=%%

Exam?(e 5 4.

W) =+ \Jea=$b=1+, a&)=%%:§%n.
S . Vi a
T S=+ 0 V=t 0
~ Q=22
Slope. s S~ stopr=2>o
‘mcvreasm%
>4 > >+
gFee_d s ‘mcr'e.asrmg

le. acce_\evatbiv%
Netations :
[n 3enam|, let 3=§(x) .
We have : (I st derivative) %%=§-E=f’(u)

. & £ o
(th deVlVd'eNe) EX%;' = dxa, = ff!)

(noth derivative) % = 5« £k



5.5 Derivatives cf —rﬁsonome:b"tc. Functions

‘sz'xmcbiov\s :

Y
lim A=cosx - [im 25 ) Note: cosx = 1-2sM(Z)
Ao b & x>0 X
. A
< liw L Sin (%) S l-cosx = 2sin (F)
r 4
Ao (T)
= L
2
limg Locosx liws JA =
Ao b & (o
= |im Jﬁ N
*vo =* %*>0
= —& -0
=0
liwy CoSCxtaxd —cosx [jma CoOSXCOSAX - SN SInAX - CoS X
&x50 ax &X=>0 SX
= lim Cosax-l _ . Snax
ot CosS x C Sin s
=-Sinx Gl Cosax-l _ o gud | —Sinat
OXSDSO Par & X0 aX

Exerdise 5.5.1

Show that %s‘mx=c<>sx Ba us‘mj method Similar +o +the above .

-ban-;(_-,SiV\_"-

CcosS X

3 tanx-

Exercise 5.5.2

Secxe—L' cse = —t Cotx =SB
CoS X Sin X Sinx

Sz L1 s ) Exercise. : By gquotient vul
py— = o > Gk ercise - a%u tel rule

Secwx tan %
-cscx ot =

2
-CSC X

)



5.6 Devrivative uf et

Cheatin = |4+ + X 4
3 2l

g{e =ad_z(l+x+

3

o+(+¢c+—+"’L +-
3'

KX

e (8e'lhv\8 back ‘r'('self )

b

Im W,

3
i SR |
+35T

Geometvical meav\ina :

EW\F‘Q 5.6.1

Find & [ex(3£+ -'-l-x-).)]
ad_ztei(’siﬁ Fx-2)] [ﬂd{ ] EC+TFx-2) + - [& (3 +F-2)]
e (3 +Fn-2)+ € (Lx+3)

& (Rt + R+ 5)

Question : How do we cliffe.reﬂbd&e a__more comFlm(‘.zd jvmc(:iov\ , Svucb\ o= AC+3x 2
We need a ool called chain vule .

5.3 Chain Rule
Theorem 5F.1

lf f=B—>TR ard 3:A—»TR are dﬁerzw(-jable f\mc(:iovs sudh Hrat 3(A)S'B,

then the comFos\'(:e fw\d:ion (fbj)-/\—ﬂk dejined 58 (5"3)&)=f(ﬁ60) s el'ﬁerewﬁa)o\e ard

(foj)'('ao = f’(ﬁ(ﬂ) 3’(30 .




Hard o understand ? Let's refomu(a(:a it as :

Let u-ﬂfx) , ¢a-—f<w=f(ﬂ(x)) .Hhen

the  drain vule slMF\wa means %3_ - %‘&_%&

_n'\ink=A%-A%’M

AL A ax

ExamF\e 53.1
Find the derivative of Jvc."-(-"sx .

et (L=ﬁ(10=’f'+3'x., Fo D 22X+
dy __
4= fo < dx 3= i
~then —f (3(1.)) - J'?(."—(%x
Bla_-Hr\e C‘Jr\ain m|e , 33 =j:i' g;
= Q«J‘K (2x2)
- ! - (2%+3)
Pl oy
ate £ (C-f'(ﬁeo) gl
“hen ‘F\l‘: back C(?)(i)
Emwrle 532
Find the derivative of (B:C‘-):x)(e
d
let &= 6(1)= 233 ﬁ :
dy _
4= for -

—then ys -f(%w) = czf-lx)m

R dy _dy du
Bg deW\‘e'di_du'dx

= low . (bx-3)

q
= 10 (2-2%) - (b%-2)

20 (325 - (35— 1)

g‘osav\ : d?ﬁexewha('e. [dsex ba [aZ)e,v-.

Exercise. 531
Show that & & . ad®™

Pt = L+3x back

’tht u=3x-2x¢ back



Exercise 532

Find the derivative of (=Y

x+l

Q) Bg Ms'ms the. chain vule .

by \::8 \,M'Einﬂ () = = and us'mj the incs‘:iewt rule .

Answer : Both e%/\a( o (:?isgs .

EwnFle 533
Find the derivative of e

[st (N:)ev- ¢3=e_w W = Al
dnd la\;jer W=l Wzt
3 labczr n=C+ |

dy _dy dw dun
d%x  dw du dx

EWF‘Q 533
Revisre of iuc(':ie.wt vule :

Do £ED - & Feo gl

= ii;" [3(1)]-‘ +f60 —Q'ii; [3601-'
~o Apply tre chain rule
= é‘lgj [360]-‘ + feo {- [360]-1 %g:}

~ fe a0 - geo
= J <2 YV
E%c:o]




5.8 lm‘ic'l'E Diffecertiation

Examl;le. 5.8.1

x’+‘8’ =2 —T

Locus c]e C is o crde centered ot (0,0) with radis 2 .

Check: (1.1) is a 'I)b'w\'t lamj on the drcle.

y We wart o jeivd the _equation cf
~the '(:anjewt line 2

(i2. need 4o know -the slo}x of 2)

Note. : ’z_’-na"el is NOST a -fwxc‘tiov\!
Question : How -to 'ftvd %;%— 2 (Psctwall\a_, is & well degiv/\ed 2)

Pswer : Yes . l’bug‘l\\la_ sFeakwa

T P
O ="

The  swall Segw\eﬁt cf T de'o.’mivﬁ (1) can be Y'ejarded as the jra'rlz\
cf Some. fwcb«on (a=abo. Un ‘fac{:, %&):J -x* _in this case . )

How +o Find 2 Do 1t as usuwal ?
x’+13’=’1
Chﬂ?erey\'ha:('e both sides with vespect to x .
2+ é‘i (a* =0

2%+ '28 = =° (AFFl'aMS chain rule )
®%

d=

e denste by 4 = -]
6 dx|(7t.a)=(l,l)

S8 when Gy = L) .
d



Remark :
dy . ; L.
33.- is defned at a ‘Fo’m’t of o cunve onlﬂ rSZ a small ave Covrbalmﬁ +he -Fom(: can be

r%arded as the jm-Fl'\ cf Some. 'f\«nc‘:ion 8=3@0.

" %—% s NoT dzﬁmd when (1.2)=(:I:E.o).

{3.0)

N

No matter how small Hhe are is.
It canmnsct be veadlized as 8ml>|n cf Some. -flmctzon Lérﬁco.

- lmPhc’rt drﬁemﬂhatnov\ . A.ﬂ:la Chﬁerewﬂa:bon o F(x,\aho.

e,.%. z."-l-ué‘nn. —_— z."+v6‘-:.=o
—

F(a:..\a)
ExamFle. 5.8.2

letk € be e cure dzf‘med bé “the e%wr(:iov\ £+:1&3+1x3=s.
Show Hhakt P(1,1) s a 'Fo'iwh la'lnj on T.
Find -the Q%Aa.'e!on of the 'tavﬁe_wt line. cf C at P.

Pat Gy = (1), LHS = UY+20Y +2(00) « 5 = RHS

SoPOLYD lies on T

\\5:&4-8%—13 =0 5

7}4—13?4-17.3 =8
3£+63‘%§+1(n6+x%§_) =0

2 2 d B
(3’&4-13)4-(63 +'):x)a§_ =0 T
%‘;_ . ?:7(;4-3% \‘\..
6«3 +X 0

d o -2 -1 1] 1
¥ 4
Gy =010 .
“+he e%aa'bon the '(:amﬁe.wt line. o P
H- 5
x-{ 8

Sx+8«a-l3=0




A‘Fica'Bons :

Example 5.8.3

bﬁm«um .,j? L.Dja.v'l'ﬂ/\w\ic- Function

Let y=lx . x>0 . Thea ed.x
d‘lﬁaewha-l-e both sides with resrec& to = .

Exercise 5.8.1

Barzwd'bnj loa,,:z = ll:": , Show that j‘;‘ |03qx =;[L? i

Example 5.8.4

Let y=bd . xfo . Fnd FE .

We can rewrtte Jlax #® x50
{ln(-x) i x<o

For x>0, we havwe jvs(’. shown +that %=3‘E
For x<o , Yy = ln ¢-30)

ed . %

e'é-‘i% =1

du -
B =

i: ln bxl =-7((-_ fur % #O0.

[

RN

|

Note: K is wka X"idﬁb =lnlxl+c .



ExamFle 5.8.5

oy

- G- ) (-3 )
3’ (C2 l-(-)*
lal = Ix-d” x-2
% |- 4|
t 3
*x-11" (%2
lnl‘al ln ot

Jd,\e.\f»\di‘&

= Lhnlx-tl + a2l -Linlx-41

d‘lﬁaevfha.‘('e both sides

L 3
g%ﬁ B&M BECES R
F—La— ( + x’-.x - 1:4)
3
= 4 (X-l)gx-zf' { + > - { )
3> x-4 %1 T X2 T &
Exam'lble. 5.86
;_ 4""
Lt 4" G ® ‘H“d%;%'
- gs" 3//-£+|
8 [
ln (6 = 5%+ ¢ n e 1) - 4 (R 1)
Ex:
5= 3
S’% [5 W S
3(‘1-‘-!) o+ G l)‘t-
ExamFle 58.%

wrth resFecE to > .

S'mla =X

4

Cos6==eJ|-sm‘t3

':Dﬁevwrhxt'lon of Inwerse —rviaonome'l'ﬁc Functions
et la = SivC'x P SiY{|: [-1. I]‘*[‘%,%] . Then , Sin \a =X .

oY

Difliente  +to usi chain vule and guotient. vule !

-Lsy<t

! ( Aﬂa‘a ngplicrt dl"ﬁ?a'wd-‘\ahon)



Let .a=cos"x, cos':[-1.11—[o. ] . Then ,cosy=x .
diﬁerewha{-e both sides with resFecE ‘o = .

-Sin % g&

= |
d S.' Cosy =% osysT
IV\% 6 ¢
-1 . _ -
= sSin 6=:I:,Jl c»sva
i or -di-x

A e

ad;c°5-""- = l__lxz (re\.)e.c&ed L OSYST = sin%ao)
Exercise 5.8.1
Let 3=+Av§‘x, tanR—(-L %),
Find %ﬁ . Ans - ‘%'&AV\-"L = I-c‘-x‘
ExamFle 5.88

n-{

Let 8=xx , x>0 . Find gﬁ-
Note : The Power is NST a constarrt, we cannct use -+the -fwmulo.r g;’(-“ﬂ\'!-

Y=<

I Yy [« = %
dﬁmwha'l'e both  sides  wirth \’esrec(? to = .
—%%?L-=lnx+x-%

= IV\7:.+I

gﬁ- =(|nx+l)la

=(|V\x+ I)'?Lx




8¢ AFica‘f:ionS of Differentiation
6.1 Rolle’s Theorem and Mean Value Theorem
Theorem 6.1.1  (Rolle’s  Theorew)
Let §:labl—R be a fmction such that
D § 15 comtivuous on [ab]
D § s dfferestidble on @.bd

2) 5@ - fo

+then theve exsfs ¢ ela.b) such +hat 5'(c)=o.

Geometvical meavﬁng :

%‘F An F©=0

fa-f| {1 Far = $dor

“Theorem 6.1.2  (Mean Value Theorem)
Let §:labl >R be a function such that
D £ s contimous on [al]
D f s d‘ﬁmw(iaue on (@.bd
then there exsts ¢ €lab) Such that ftcﬁj@b;f@_

-a

r \
Geometvical meav\iua'- SIOPQ c‘f - SIOFQ of -

LY L




Question :

A vehicle is SFeed‘mj on a lﬂij\r\wwa \)e s SFee.cI 2> 120 km/hr (ot Some wmomert )

ljg the (aj-ﬂn cf the h’{jhwma is 20 kwm and rf a driver onlza S'revvt (5 minutes on
+the \/\'ﬁmoma. Should lhe be avrested ?

(s l:m)4
20 { """""" Bé the MVT, there odists . e(o.025)

such hat SloPe af‘ﬁme.'bmﬂerrb at +-+, 38

onE =120

, i.e. stantanesus Speed at £-fe - o km/hr
* 025 ¢t hv)
sloFe.zc::szl’zo

62 AFF(icrx(:ions of Mean Value. Theovem

Theorem 6.2.1
lf fﬂk—)’[ﬁ s a &ﬁe\—mﬂq\:\e and -f’eo-.o VY xeR |,
“then f(‘&) s a constavt ‘fmcﬁovx.

"Fvoaf . Fix %€l , let weR\ {xi

B x>x. , note s cliﬁo-m‘:ﬁable evevso\«e.\'e. Cn partiadar, on (xex) )
=% 15 continous eveaphere
A—FFI.a MVT, 3 cel) Such that
Foor - oo = j’%_c) G-%) = ©
o ba o.ssu\MF(:;ov\_
Le. fexn-fcz.) Vx>xe

We have similar vesutte ‘je x<xe , the vesut fullous.

Cn ‘Par(;\cpJar, on .=l )

Exam?le 6.2.1

Let 'f(x) = CoS™x + Sin=

’
feo = =D S SN + LS cos x= O

. CosS™x + Sinx 18 a constant.

ln ?orb“-cular , f(o)= L, Seo jeeo = Cos 4+ SWox = |




Theorem 6.2.2.
3 f,ﬁ-.k—ﬂk are. clzﬁ?emrt:a\:le Sunctions  sudh that -j’eo=3’c-x) for all xeR,
+then feo=3<x>+c . wheve C s a constant.
'quj’= Let heo =j?eo-3bo.
Then heo = -f’eo -ge0 =0
S he)=C, wheve C s a constant. e j?ec=3eo+c.

Next, we ove 50»3 4o diseuss  how dﬁzrewaochon !pel-rs —+o
ﬁlnd maxdimam / minimiam To\wts 65 a f,mcbhn .
FWSHS , we. make Some -FreFaYd'ﬁions :

63 |ncreasin3 [ :Decreasivj Functions

'Defln\'hm 63.1
Let T be an interval and letf:l—h'lk be a.fw\chon such that

feco = fod (Feeo > Fod) -j-or al ~ <x,.
‘then f(-x) is called an '(r\cmns'ms (a decr'eas'mﬂ) :‘Ew»ctit:v\-r
lncxeasivxj

‘.Rouﬁlr\ln ?F.Qp‘:?ms :

g-fe The lane.r x o we pat

ks M
. / “the la‘rjer (3 we. Set ?

1 |f we have a s‘tﬁcﬂa Ine/%mlrba tt s cdled a sb'\c(:la incraasirﬂ (decreasinj) fwv:&iov\.




“Theorem 6.3.1

Let f:(a.b)—»‘(k be a &ﬁeratﬁaue fmctiov\.

If f'eozo (feo <0) fm— all xe@.b) then f is increasing (decrens‘mﬂ) on (a.b) .++

4 g feo
Slo]zn. - fi—x.) 2o |v~cvepsh«5

:
a X b
1t !'f we have strict me%m.li-ba'then fw is sbch\a_ increas‘mg (decreasivxﬁ) on (a.b) .
pf
lf a<x, <x<b,

O'PF"G' -Ehe MVT -+o f on BL«,%;],

Sce %) Sudn that jf(x»b -f(-x..) = j'(o (C A HIW .
Vi v
o o)

Ba assum on

A small madt-facaem leads the -go"owir\%:
Theorem 6.3.2
Let f:[a,bl—ﬂk be a ﬁmcﬁon such that
D} f s contivuous on [a bl
D £ s dferetisdble on @.b) and ferzo (feosod Jor all xeb

Then f Is_increasing (decrepsinﬂ) on [albl.

peef
lf asx. <xtsb,

OFFlla_ 'Hr\e MVT +o f on EL«,’Z:J,

Jcelt. %) such that f(-m —fe:u) = j'ccs (a=%) 2 O

vi v
o)

(o]
-‘Blc/) QSSV\M'FaOV\




6.4 Brst Dervative Check

Theorem 6.4.1 (Fist Derivative Check)

Let T be an open inberval and lek aeT.
Let £:I->R be a function such that

0 :f s continuous

2 feozo (feo s0) For all xel with x<a
» feoso (fe20) for all xeI with x>a

Then (&, f@) is a relative maximum  (minimum) .
Note : We do NoT reiu\ire +the dfemwh’abilﬂ:a cf Je at x=a. but onla e cmbmrha cff at x=a.

Geometvical meav\ing :

t/-(o.,f(a)) s a relabive maximum
]
I
I
]
]
i
I
I
]

Ak ppepppp Sy
I Q

Remember the. slosay\: Cl'\amje cf SBV\ cf fﬁx) at x=a

Def\n‘tﬁon 6.4 |

f f’(a.) =0, Hien ca,fca)) is Said to be a ccrtical Folwt or Stn'bona% Pom(:.

Theorem 6.4.2

let $:aby >R be a j’m—aon and ce@.b)  such -that
N Fo edsts
2) § attains  maximum (or winimun) at x=c.

Then, we have Fw=o.

E><l>|ana'Eion: 'f f(x) is d"ﬁem(ﬂable. e,veraw"\ere .
‘then all maximum and  minimam 'Foiv&s are sba:t?ov\arg_ -ch&.

However, a S‘ﬁd‘(ﬁman& -Fo'nwl-, s NoT necessary 4o be a maximum and  winimum 'Fo'mbf



Exa.mrle 6.4

lf f(1)=13 ,then ja'&t.)e'?:':ﬂ:.t
Note : 1) f&o)ao

2) f'eo=3£>o fbr‘ ~#o

ie. No CL\AVSQ tﬂg S‘an. of f'(x) at x=o.

'élr g="Feo
Note - a S‘(:atiomma 'Foivrt 13 NoT

Y\ecassama_ to be a max./min. Po‘m‘l‘.?

>
(o,0)
e /'
+this ‘Fo'mt s called
a sacle“e ’Foiv&
Exmnrle 6.4.2
f(—:o = -5x + 80w - Do )

8O0 focem e 0 = -5% + §ox - 120
Nete 560 is a Fblanom'lal which °° f

is d:\ﬁ*emﬁbable everawhere. nc /'

Y dec

f'(x) >0 f'(:o<o
-lox. + o >0 -lox. + o < ©
+« <& %« > &

f(-zo is S'EWCH3 incveas‘mj when <8 and
fm is S+V\CH3 decxeps\mﬂ when = >8 .

:f(x) atkaing  makimam when =8 an makimum  value = f(8) =200

Remark : Ver‘rfaa the answer ba using Com[:le-l:inj square..




Exa.mFle 6.43

Let S - At
Reuntte. - o2 rf x>
-f-(ao= (o} rf X=0
= rf AL<O

be “>o0, -feo=E . then f’(vo:; >0
Ef X <O, —f(x) =, Hhen f(-x)

<o
I?.

" -51(10 s S'hnctha iv\cveas“mg when. x>0
-}(10 i S't'\rk':t:lcéf decveas‘mg when. <o

However, fivn . jpco“'if@_) liwn ot _ i P

Ax->S ax T axadt ST AxX->S
= lim M{ﬁ_) does NST exst

AxX->0

= =f'(o) does NST exist

However , [nm f@o [im =0

x>3"

[ina fw lim J= =0

xS ASS

:f(o) =0

f(’:ﬂ = /IT;

which does

ll:g fw = i:g feo j(o)=o and so f is continuows at x=o

Ba_ ‘e :ftrst devivative. check , j(vo affaing minimum at x=0.

NoT exist ,



ExamFle 6.4.4

Prove Hwut €2 4= Cie. €-%-120) -fw- all xeR .

Let J’iao = € x-

(Wart o Find the  glokal - minimum ?f jfeo and see W} Tt s >0)
j?'co = & -

Feo>o .-f x>0 and  Fe <o .JQ x<0

f s S‘hn‘c‘;lg iv\creo.siv\j when «>0 and S’l'vic‘:lg decreosiv\j when <o
(and -f 1s_continuous at x=0.)

$ attains minimun when %20 (By Ist detvative check ) 20 y-¢

(n jeac(: . Slobal minimum wlma'? p) ‘6=7C+l
feo z-f(o) Y xeR

=e’-o-| __/

: > X
/ <
=0

M
q
+

<

ExamFle 6.4.5

(f f(x) 2 -3 -G +5
+then f’eo =3 bx-F = 3GC-2x-3) = D=3+
fl(x)>o 'lf A>3 or AH<-|

jf’cao«, rf -lex<3

Neo glo‘oal max [ min _in this case

B«mrF(e 6.4.5

(f ‘5(‘:&)-.13-31"-714-5 for -2<x<6b

%loba.l max
max —~

6.3 =0
‘f(-2>=3> . Fo)=59 / 4 i)

(-1,10)

Check the evwchoiV\":s 4 <-1,2>>\

min —> (3 ,-22)
L %‘o\oa( wmin




6.5 Second Derivative Check

et T be an open interval .

Feo>o for xeT = Féo s S‘bdcﬂg increasing
Qeometrical mean'lrj:

la a—f(-x)

X, oY £

Slope. °§ the -Em\ﬁew\' bre at G o) increases as = increases ?
(NsT $e0 15 Inereasing L)

Theorem 6.5.1

let T be an open interval .

i Feo>o (foo<o) Forall xel , then foo is concave up (down) on T.

Theorem 6.5.2 (Second Derivative Check )

Llet T be an open irkerval and let aeI.

§ f:I-R be afnction such that

0 flarzo Cie. @.f@) s a S‘Ea‘ﬁonava f‘»‘wt.)

» fw<o fwso) and Feo is continuews at x=a (ie. $ 15 concave dewn Cup) near x=a)

“hen (a,fw) i a relative maximum  (minimuam) .
Remark - Acb»alla,-(:ke. as-mfb'lov\ f"t:o is_continuous at x:=a can be de?d

Cawbion.: lf f'fa)so , then NO conclision ?
Consider -fc—:o AT

We. have ffo)ffﬁ:)- o in each case , bust (0,0) 1s
* min. for the Ist cose.

. Saddle 'Folvd: -for the 2nd cose.

. max. for the 3vd cose.




ExamFle 6.5.1

B Ly B-2x-FGx+5
J J )

‘hen f'&o =3 bx-F = 3G2x-3) = (-2 (1)

f'(-an>o ‘n.-)e A > or w<-|

4'(1)<o # -lex<?
J J
':F,EX)QQX-Q
J
"
) >o ?E =« > | ‘F”(-De().<o
J J
7
'(-:L)<c> r)@ x < | 'f”(33=(1>0

=fe0

max. , L
/ aJ
L)




Theorem  6.5.1

Let T be an open interval and lek aeT.
et §:I-R be a function such that

0 j is_continuous

» fso (fa<o) For al eI with x<a
» feoco (fe>0) for all xeI with x>a
then (a.f@) is sad o be a powt of inflection.

Remember -the. sloqan : Charge of sign of 5230 at xea

Examr‘e_ 6.5

f&) = l'l'xs- (o5=" +3’+o-2 - 5[0 + 3box - 120
Find the ange of =% such that
(€)) je'(x) >0, -f'(x) <o
3 4
) & >0 'f(x) <o
S‘t‘eF L : Bind ‘f’(‘:O and ‘factovize .

Jf’(—:o

Loxt- ll-’:.of + (D20 - 1020 + 36O

60 (- Fo + Fo - G +6)
bo (- ()1(1-1)(1-5) (OSMS ‘fud:br -Hheorem )

{ 2 3

S‘{‘e{> 2
j’lve.s wkervals <l , lex<2 , d<x<d , %>

Reason : those factors maiy cl'\anse s‘ﬂv\ at the bov\ndar% 'Foivas uf ntervals .

S‘teF 2 << xz=| lex<2 =2 2<x<d x=3 x>3
(%=1 + ) + + + + +
(=-2) - - - o + + +
(-3) - - — - - o +

-j?'eo + o + (o) - o +
‘f(i) ne Sqf\e. nc. MOX . dec . Min ne.

Saddle. —Fo'.v\-(-, = (1,23) mox = (3,-1b) min = (3,-39)




S’lm’ularla .

f' (S

o - 1260 +2040% - 1020

6o Ge- (4 - I+ 1F)
o (=) (- Lﬁ?‘ﬁ-ﬂ [~ Lﬁ‘?@-)]

U]
) - o + o - o+
( "= |
8 8
~ 1.6l R 264

FoiV\'ES cf lvflectiont CLL=-23) , (Béﬁ‘,f(ﬁgj-))

= (Lo, =19.0) or (A.64.-293F)

y= flz) = 122° — 1052" + 3402° — 51027 + 3602 — 120

(2.00, -16.0)

(1.00, -23.0 (1.61,-19.1)

(2.64,-29.7)

(3.00, -39.0)




Lo = —% _ X #-1
v e+ )
‘FI('.[) =l-_1|r
- o+1)°
- (
t t
£ - NST + o -
deﬁwa:l
i
j?(-n dec NoT inc. max dec
defne.d
max = (| -_l‘_-)
o 2x-2) -1 2
f(’o'(x;-u‘)‘*_ : ;
f"(—x) - NST - +
deﬁvxed
1l
N1
NS N J
Paﬁ_ﬁh&m' (')_ %—)
2 =-1 ,la
: ()
i ¥ 2
e
o =
\ I / ©
N\ L/
|
\I
|
I
Note : 'er_jrz‘ah_%a-_:f_w_he\amhlse :
. i i == ar’ -|




6.6 Asaw\FEsﬁes

befwe.m 6.6.1

O g ol Foo sven or oo

Hhen %x=a s sad +o be a vertical asav«]i(‘xfe.

).)(f ng-hafm=‘— or "ég\-mf(x)=l_ . wl'\ere. L_GTR .

then 8=L s sad to be a hovizontal asamjrbufe

Note : H mag haFP”\ that both ’lé_\g\mf(x) and :'&“.a f(x) edst
(ST ‘ﬁ«e% are. NOT -the Ssawme. .

2) lf (6=wnc+c is a S'hufjkt Such  +thet _llm_“ 'f(vo-(wrx+c)= O or J,'-;"-a -f(x)-(mx+c)= o,

then -the S'('ra?jl«d: line is sad +o be an obha‘ue asam]rbsﬁe of f&)
N

4
%*f(x) / ‘f(x)- (m=+c)
7 s
“+the distance +tends 4o o
Exaw?le_ 6.6 1 S A —>+xo
X3}
Let fso Y L XER
Foon Zobra = 3 5
(x-3)* ’
f(x) + o - NoT ) +
deﬁws:l
\U —_
Feo inc. wmax. dec. NoT dec. min. inc.

max = (B-W,f(s-ﬁ)) = (3-d1r,9-21n) min = (3+ﬁ,f(‘s+ﬁ)) = (3+d1, 9+210)

4 P}
=22 _
f (x-3> f

No Fo‘-vd: t{f inflec(’,iovx




vertical asamF(:c(:e ;

> £y
b by B e ek ooy S

+ 00
x> Py x-3

. vertical asawfr'(:dte T

oHi%ue asamfstcs(:e_ :

Note : B s Xtdx-F
e x+b
%8 ‘cmg division , -2 Jo43%-F
-3
6% =F
o 3x-F = (2 L) +11 ox-1§

I

2
e - S0 S A |
X—S ——— 1'3

obl i%v\e asawrFtd'te

= 0O

oui%ue asam‘Fbcste : (3 = x+b E_xrlmdﬁon : J_l;v;“ f(x) - (x46) = in_n;\ Ll

*oo Lt S
Remark : Using_ long division to :flml ol:li%o\e asamr":z(:e °"(‘6‘ works j?ov- the case that
j?w s a rotional fw«:hon ,i.e. %wsbcwé; f ‘e 'Folav\om‘nals.

ln ae.v\em.l, m = lim i(’—Q .

Ad+on X~

C = |'m\ feo-mx .
A-D>4c0
l‘j m\aone cf trem does NOT exist, tt means ~there is no obilﬁ:e cscaw\]sbs& ,
if both limt edast, ca=mx+c = an oHi%ue asamls(:cste. at ‘Fos’r(:]ve_ iwfivo'ba.
(similar for- nega:(:‘-ve 'Mfini’ba )

x-ivd'erce;Fbs Solve f@o =0

+dx-F
x-3 ©
X+d3x-F = 0O
% - -3+[3%

2

Y- Ivrfen:@'t : -f(o) = %-




E— :;&( II\ =-?(-n . A
< (6 J /ra X
_S:EgF_h_dm\.\_a.sanmh'tes ! e
| : Y
_StzP_l_"zd_dmm_ugm 1/
/
7
Qnd_la;mke_rr_ent /o X=R
] ) |
|
I
Sten 2 (3B . L (o.3)
I \ 2 e O k 1 S
2 A |
lim g”m = lim ’L;L-’f oo P "**\ >x
ASY ASY - | 7
5 e £+§x_? e \aﬂX"'b \: (é;ﬁ' o)
x->3 j Txsd T X3 v
ion €60 and £
J J

A= =0

|I 9

! ,
:%m , Q)
f




X - l , Sol\le_ "‘}?(1) =0
(é - M'te:meis(: (6\- iv&e\n:‘glls'(‘ - -j-’(o\

Imasma_LdzcczaﬁnS Sohe. -ﬁ’m so / -g'(-n <o

Saddla_quh_mes_Lmin chmﬁe_qf_sﬁns@*@'&)”
I

v/ 4
C-OV\CM_IAP_Ldm—SQLLe -)?'(x\m-, [ -fu\«\

‘D.mnﬂ_og_ln?ﬁzbmn (‘Jnm?_of_ﬁam o 2ty
| 3

xAdA xXda

n‘ol‘-:(.ue_asam,zt:ta c = li
At




€3  |rtermedicte Form and L hpital Rule
2.1 lrbevmedicte  Form 2
Consider lim ﬁ and SuFrFose _Li_vga f(x) and _!glna 3(70 exist .

x=>a

|
Case | : lf _Liiv\aﬂcx)-ﬁo , then vli-':\a 3 "&nafbo
'z-va. 3(1)

Case 2.: If_’lcilnaﬂcz)=o ond _’l‘u_v»nafw +0 , then J'-'»"a.'%(% does NOT exist.. (eﬁ lm_‘)

Case 3 lf |im L geo = iw lim fc-z)-o , then we do NGST know whether lim F  east 2

x=>a

s
e, 3 llW\ X =0 ,
xX->o X.. x50

2

x-)e:,‘a‘[im“ll

li - L
x‘:')‘o? l-m does net exist.

We call i wterminete 'fov'm 3 .

Theovem F.1.1 (L' l«\6}>‘rtal ‘s Rule)
SM‘FFOSQ “+hat _Li_v:\a f(x) = _Lilna ﬂ(?.) =0, T 15 an oFeV\ nkerval c:urv(:ainiuj a .,
f avd are dﬁeveyvbiable on I\{al, and g'(x) o on I\{a} .

|§ ||vv\ exists , then
*Ada 3(70 I ,
lim T _ i T

A>a 3@0 x*Sa 3'(70

ExamFle F.oo.

Sinx L) —

BmmFle F.o.2

J;_?o A-cosx (L)
- i Sin=x O
J-l-l;“o pra ( ° )
= |iM _Cﬁ
x>0




1.2 |dermedicte Form <2 , 00-0, 00-00

oo

L |r\6]>'rtal ‘s Rue can also be aFFIiecl o 2

o

L’ L\6F?tal ‘s Rule can also be a'FFIiecl + Iefh hand limit or rijkt hand  limre
lim, T - [ Feo | | Feo | | Feo

7,

x->at 3(7.) *->at ﬂ'(-;o x->a" 3(7.) *>a ﬂ(—,o

L |n6]>'rtal ‘s Rule can also be aFFlied ©  lmrks ok irvﬁv\'rties
|im—ﬁ"—9-= |im—ﬁ’—'=l- , |im—ﬁ3)-= |im—ﬁ’—'9-

7

A+ 3(70 X+ 3(7.) K ~0 3(70 A>»=-00 3@0
ExamFle F.2.1
lim —Seox  (g9)

x—»'-l.{ I++tanx

= liM sec x tan %

™ Sec*
L
= lim _ Sinx
T
x-

= |

ExamFle. F2.2
li ‘l“:é" ()

X—>+00

= liM _"Z
A—>+0 E

= lim L
r &2 1) X



ltermedicte. Foyrm  o0-0

Remark. : l..)l'\ca don't we 'b'ta

(im
“->0ct

ldea : Covwe\/&iv\j ‘o 2 or 8
ExamF‘e 3F.2.3
lim  ~sint (c0-0)
=
2> +oo
l Convev't
Sin—;( to
I i S-S
A+ =
I ]
= lim Caad 3
2> +oo -;';
= lim Cos%
x> +o
= |
BHermative mebthod :
[im islv\% (c0-0)
A+
. Sin h o
< lim S @) Let hed |
As x>+ , h>o'
= |
ExamF‘e. F.2.4
(im+ = lnx (090-0)
r & 1o]
l convert
+o
< lim ln (82)
._l_ o0
x>0 =
A
= [im+ =
2>0 -%i%
= I' -
1|-'>no+ 28
= O

= lax = lim
%50




lrtermedicte. Foyrm o0 - o0

ldea.e CovNerbnS —+to 2 or %

[¢)
ExamFle. F.2.5
\
Jl_:v:, ( Sinx ;) (e0-00)
‘2 Conwvert
= iy X-Sinx L +o
L>o XS S)
EX: -
= 0O

3.3 hrteomediacte Form 1, 0°, &°

7 ’

lbevmediate Form 15, ©°, o°

0 4

©

[dea : Tal:iv\j [n ., Convertimﬁ +o 2 or

B(amFle 3.2.1

Find lcm xﬁ (loo)

x> 1* .

Le‘l‘. (a= X.lTx

Ao g~

E S TR Er & °)

e &
i, —X

ln (h"r*'é‘)

ln (il_v,nﬁxﬁﬁ—l

i T-<
7 & = e
x>

Ex.amFle 3.3.0
Find  lim x._""- (o0°)

X->+00

Lt (a=x+’°
lvu6= dnx

A gl dex @)
[n (i_»;nm%) = |im &)

x>+ |
lhClim <)o
x>+ 00

. x
IIM X" =e =|
A+

88



28 lndefimte 'r\'EEjra‘hon

8.1 Antiderivatives
Dz\fiv\'rbon &1.1

A :fwncﬁon Feo is said to be an  antidevivative cﬁ —fw rf sz)vf&).

The process cf -?‘mdm% antiderivatives is called lndeg(vx\'be. M('.a%mtlon

Ecaw\r(e. 8.1.1

K feo=2x , Feo =2,

then we have Féo =f<~o , so Feo 1s an antidevivative oJe j?m.
However . consider F&d = 5™+ C, where C 18 a constant .

Then , we still_have Féo =—fcx) .

—Tl'\erzfure . antidevivative o‘f a -fw\c('ion j?eo is NoT uvﬁalu\e..

That 1s uohva we call “an” artidedivative mstead cf “the ” antiderivative .

Natural 7o\e§biovx : l-f Feo and @ are antidevivatives cf f(z) ,
what s the velation between -them
Answer : Feo and Geo differ by a constant.
‘Fvocf + Suppose Feo = G =feo
Let Heo = Feo - Geo
Then Heo = Feo - Geo =0
Heo is a constant function . le. Heo=C  Jor some constanst C.
ie. Foo=Geo+C
(’Refe\«- o theorem 62.2)

_n'\eve\fore . antidevivative °§ a 'fwncﬁon j-’eo s NST UW\-%AQ .
bt T s W\i%ue. wp —+o a constant.




AExa.mF_(g, 8.1.2

lf —ern =Y ., Feo =

;tlazn_hLIaaMLEm_fw_,_SD_Em_z_\Lm_adudam

/7
= = 1 A { Ug *(i\ =x
J J
i i < +C

mm#m_mwm

Gl(i) =£+C \

&

|

w
g

Feo=Geo =2x

\

/I/ ~ Same. <lop

/

J,— "

/

Fh\ =71

/

\ ,
\NA) e
A

lf Feo s m_aﬂidgtm%fu)_,_\.& wyite

ivrte%mnd

[

\Y:,F(x\ dr = Feo+C

Vr D> d-x_ =x+C




8.2 Rules of |vvdfin’rbz. lw&jm:(:ion
Theorem &.2.1
D Skde = kx+C , Jor a constant k.

2) S - ! XMI+C,5DT' all_ n#f-t.

Nn=+1

23) fdde = Inkl+C

4) J&de - &4c

5) fcxzdx = sinx + C
6) _fsiv\xdx. =-Cosx + C
DI lsde - daitx s C
P

Devivative tf RHS = |V\'('23rwxd on LHS

Theorem 822

0 kaeo&u ka(vodx.

D [ Feorgece = fforde s fgeode

P

D g feeod) = g (k {feadd = kfeo

2) ad;(,rfﬁx):hﬁ(vodx) = é*;(.f—feodz_ :e_fjcodx) = Feo £ geo

Examrle. 8.l
[z g e s (o means [ 1ok

e

=2fxsdx-3fx’dx+?fx&x+sfdx R \f still theve |,
No need 4o add

c2(F) -3 (B)+3( D)+ 5% + C

b 2
=%—'x}+3%—5'x+c

Exawa(e. 82>
J2= 4
- foee S oz

3
= X -5Sllxl+C

>



E«amrle. 823

Find a -fuv\cbion Feo such that Fo)=2 and Féo=2x .
FEX) = D>

Feo= [

=x+C

Fo@=0+Cc=3 = C=3

o Feo =+
Feo =0+2 9 (X
Feo =%
the SmFla Ppasses
’Hf\voujk (c.3).
> % > >

&3 lvr(:ﬁvu'bov\ L:a Substrtution
Quuestion J.('Zx+l)‘° ahx = ?

Hard +to Mtejw:d:e B«a Q?Mdivﬂ the Fo(anow\ial.
Selution : lvrbﬂm‘bov\ \ba Substrtution

Theorem &£.3.1

_(f(vl(x)) uweddx = J“f(h\du OR : f—fwéﬁdx = j‘-f((,\\du
pef-

éd{ \( f(btéx)) uWed = = ‘f(u(x)) W)

aidi J'-f(md“ = ﬁ; J"f(md“ : %,u_,_ (Chain Rule)

= f(bt(x)) : cali

i}_ \( f(u(x)) wed ke = g;_ J-f(u\du

jf(u(x)) uWedd=< = J'-f(o\\du




Exa.mr[e. 2.1
J(’Zx+l)w dx =

Let weo = dx+1
‘f(u) = u®

J (x+1 )(o dx

J(’Zx+l)m o
-_-J u‘?Ldu&
- Lulsc
—215_(2 +|)+C.

Exaw1>le. 3232
Seax e

=j‘e“--'—clu

Examrle. £33
J 6= (4~ + 3;} o

{6 xde

wWe =2

‘f(u(x)) =G+

LN L '
55w + C -n('lx-c-l)-i-C'_

But u.su\a“\& we wvite ,

Le‘E W= 2+

%&_1

dX:TdM

(called dﬁexmﬁial form . can be d#ned ﬁsomusla)

Let w=4C+3
- g

o = %du



E e 824

Exercise &.3.1

ox+b
2) Evaluate

a) S 2 dx Hint
b) j’éx.]f%s ah Hint

lv\'(:esm'(:ion t{f BTowbevﬁo.l Functions :

Recall - § & d o L s

[n jeneral : J\a" dx =7 'for as>o

fR Il Ea na* Cn )=
ecall : a = e = e

J\a?‘dx =J’e(lno.)1:. &
( e(lna.)'x.

“Tha +C
al C
*Tna

OR : Recall that Fed'= & lna

d _a& _ =
sSo H;—W-a ,and

I&d"
x . x>0
I(nxx}dx Let w=lnx
feda S
. Lidec = 9% =du
- LnaleC
Question : How o make a quess ueo 2
Iw(:ejm(-jon ba Su‘os(:'l'b.:ﬂon : I -f(ucx)) ub e = f—f(u\du
Example. JUam) s [ (s Lo

0D Show that _r L dx =2 |n lax+b|+C .

: Le'(:. M=X.I*
: Le‘h u=X+3

j\a"dx N

Tna + C

Hint

Ans -
AV\S :

Lt =l
Realize the ‘M'Eeﬂmv\d os a "Fvodwc(: of 'rarfs ard  make a 30@3 cf UG
Such Hwat one -Far(: can be veglized as a jew\c-(:ion :f(uo ,_ancthey Far(: (D)

: let u=axtb

&
i—e"-«-C
3
20GC+3) + C



|n'ﬁasrn'(:ion cf Lojar\'Hmv\‘uc Functions :
j‘ lnx o= =2 for *>0

Brortse e xhx-=

Ans: e ?

—n'\erefore , Ilnxdx = xlnx-x+C

Problem : How do we knew ad.z xnx -x = lnx  in advance ?

(Make a 3ues vf antidevivative cf In clirectlg )

Ama divect waua_ ) fnd an _avttidevivative of % 2 (Yes. later 2)

Exawrr[e. &35 (Constart.  issue.)
I(’z+l)zc|-x et w=xst f(x+|)z&x
= [ du dux e = (2w che
= -é-uz’-i- C = -L37;3+ L+x+C
= -é-(x+|)3+C
seems to
= —'313+£+z+%+c be d‘rﬁe\ﬂewt ?

Pus : This C s NOT +that C 2




lv\'\:e%ruﬁon c:f Retional Functions :
Reational Functions @ a %uo‘tiey\‘t of two ‘Folanowﬁa(s

Rational Function — R0 = —'i(Lx) = 'Folénomua(s

SimFles-b case. : dej go=l e %-:o=ax+b where @#0.

'Rem(l s A= b"—4ac
We. j’w“:}\er consider 3 subcoses :

(W) A>0 (i) A=0 Gi) A<O

(x)
[ &
U&)
%8 lovﬁ division , :F(x) = (ax+b) uen+R ax+b )P(x)
peo R —
ax+b ueo " oo R
Then f clx S)u(-:o ==
We know how to iw(:ejvu'ﬁe ?
ExawT‘e. 8326 a
j’ L+3x+5 o p & 57&+%x+5
J‘ 'x+l 1 %L
= | X422+ dx 2x+5
-I'H P &>y
=—§+lx+5|nl'x+l|+c 3
X434 5 = (et D) +3
Exercise : Evaluate J'Gx 2l o M XA+ 3
Ix-2 =+ = =+
Aus : f-%-t-—q- [n |3-z-2| +C
Next case : dej g =2 te. %vo=mt_‘+bx+c where ato.
visi o) rx+s
|§ dQS 'F(‘X.)?Q. . l)ka_ ‘OVﬁ dN(SIDY\ . Smdﬁ = juw+m di.
[ wed
Folav\omial ol +toxac) 'F(vo
Just foans 5' S :
ax+bx+c rx+S



W A>o , %70 = gl+bxtc = (mx+n0max +1n,)

Eva-ess — XS ks the fovm )

ax+bx+c m‘x+n. M+,

Then X,L'*sdxﬁ A, B 4.

ax+bx+c MK+, Mo+ Mo

We kinow how o M(:ej\m‘ﬁe?

Examrle_ £33}

J' Sx—i
o3 -3

. 5x-F . _5x-%
Note - T-23x-3 [CEESCETAD)

5x-3 __A B
S“FT"SQ DG D XD

=  5x-F = AG+D +BG-R)

= A=> ,B:=3 .

—Sx=F 2 3 ) i
~r Lax-3 X b = 2lnlx-al+3Inlxsil £ C

BExercise : Evaluate j‘ -x(‘.\.oo D) o

Ans : %( lnlxl - lnl200-x|) +C = % [n 10:_1
G) AN=0, %70 = ax+ba+c = (\rvwc+v\)1
rx+S B
ExFress T wto the fuvw\ (mx+ n)’ —=
Then j‘&&l - A B
ax+bx+c mx+n) wx+n

We know lhow o iwtejm'te?

Examrle_ 832.8

2%- |
G2 N
2%- | B
Svcrrose — = — o —

= 2x- = A+B(x-3)

= A= ,B=>2

R

Exercise : Evaluate ﬁd"

Ans : 1":| 4l ox-1] +C




Gi) A<a %70 = al+bx+c  cannct be fac(:orized as a 'rrbcluct of ‘o linear j’actors

. et x-au
dX=QdVL

=tz

It e

_LJ' |

AJ W+

=L tan'u+C
a

=é'ban'l% +C

Examr‘e. 829

s

s let wexen
sl tan' 4 4 C du=dh

=L . A
-1w T+C

Examr‘e_ g32.10
_4zj_ g
L+2x+5

J“).().x-t-).)-l-S o
X2 +5

- PrEPy
I\Y 42X +5 che

2 ln (4 2x+5) + 3(—

ot —

=t "L"")-(-C

2GR 2xe8) + 2 tat 2t 4 C

General case. clej 60 >

Partial fv-nc(:ion : v'esolve. zbo
Then , 1t reduces to the above cases .

Note -

(or leb x+1=2¢ , what kaFFevs?)

d(+2%+5) = Qx+2)akx

ond  Ax+F = 20Qx+2) +3

inko a sum of Simplex fmc(:ions.



lv\'('ﬁ%raﬁon o\f Trisonome(:rlc Functions :
. j"tanxclx and \rcs{: x o

j"tan.xdx
s let w-cosx
=j__&_d“ %&:-Sinx

s =-lnlul+C -du=sin=x dx

=-lnlcos-x| +C

= ln |Sec7r.| +C

fc:s't = dx

| cosx

e let w=sin=x

E)(:?

= |n|simc| +C

: j\secx dx  and fcsc'_xclx , -t—forwm(a
":-for'mu(o. :
Lt t=tan %

dea : We can express all 'hrijoneme'tvic fumc('ions in_teyms cf +.

2tan X 2
Note : tan= = ——2 - 2k and so cotx L=t
|--em=§. -
. 1 -;-A—. =M:
Sinx =2 - cscx =122
cosa = l=f_ Secx =¥t
1+t -t

_n\e'szm . all ’h(ijonome‘bfic -funcﬁons in_terms O’f +.

= L sec X =4 (144
2
e s l++.‘d+'

ldea - Jf(sinx, cosx) o=

2

B e 2

THE T T

%omai ‘fumctions of = S

Trav\sfwrminj an 1\ val of ‘tﬁﬂonomebﬁc fwnc‘bon to an 1

B% ’P«é(:ln. Hwm.

¢

l+-€: i'ﬁ‘

B

| of vational fwnc'bon .



[+t -<

s ltstl - [1-¢l + C

| -c

I-k‘ Mll +C
\ l__t= I

= n|tanx +secx|+C

= 2.1t
[

d=

J (+cosx

( 2

d dt
J I+ -4 1+
1+4>

-

=‘E+C

=tan X +C




Exercise 832
Show Haat
a) jsiv\Fx e = -Jr; cospx +C
b) \[\CDst dx = Jr;sivxe +C
. jSiV\"Px Cos ciz dx . j\SiY\'FX_ Sin C(x dx Jcos 'Fx Cos C(I dx

Recall : sin 'l:vx Cos Tc = é[sivx (F+cl)x + SMCF'?)XJ

Cos P Cos g% = —iECoS(‘F+Ct)X + @S(F-?)X]

sivx'Fx sin g% = -—,i[cos('l»cl)x -Cos(F-C()xJ

We know lhow o iwﬁeﬂrcd:e RHS !

Exa.mrle. 32.12
J Sin 5% cos 3% dx
=%J’ Sin &% + sin 2 dx

Y
=—é(—$§—&—9%) +C

_ _Cos& _ Cosdx
= T3 G +C

ln Far&ic:,\lar, cos™px =L (t+cos 2pc)
siv\‘?x=§((-cos1]sx)
Exa.mr[e_ 8213
J’C'.osx cos™2x o
- [ cosx [-L Urcos x0T o
g Jeos x che s J cnne om0

=—.§_—J’COSX dX+—‘l‘:J’Oos:,'X+Cos5xdx

=Sl i sin Sx_
_—$J§Z-+-$$2%°‘-—+ = +C

Exercise :  Find ,_r Sinx Sin 2 sin bx dx.
AV\S . COZ‘(.O!OX" Cos 2% _ c0§°§x - Sosbx .~



Exerdse &3.2

Show -hat

a) JsivxPx e = -T‘r; cospx +C
b) j\Cost e = J,Fsivxe +C

. jsin"Px cos qx dx j\sin'Fx Sin g% dx j\COS Px cos g% dx
Recall : sin P cos gx =L [sin (pq+ sinep-qrx]
Cos Px Cos gk = —£ECos(-|>+ct)x + o:s(F-?)x]
Sinpx sin g = -—,i[cos(‘F+6l)x -CoscF-cpr
We know lhow o iwtesrcd:e RHS !

Examr[e. 212
J Sin 5% cos 3= ax
=%J’ Sin 8% +sin 2

Y
=—é(—$§—&—9%) +C

_ _Cos& _ Cosdx
= T3 G +C

ln Far&ic:,\lar, cos™px =L (t+cos 2pc)
siv\‘?x=§((-cos1]sx)
Exa.mr[e_ 8213
J’C'.osx cos™2x o
- [ cosx [-L Urcos x0T o
g Jeos x che s J cnne om0

=—.§_—J’COSX dX+—‘l‘:J’Oos:,'X+Cos5xdx

- Sinx , Sn3x  sinSx
"J-+‘28+?-°+C

Exercise : Find j Sinx Sin 2% sin 6 dx.
AV\S . COZ‘(.O!OX" Cos 2% _ co;éx - Sosbx -



. \S‘ Sin"x cos”x o
Case |: m is odd
PrHJ\a : sinxdx = -dcosx  and  sinx = [-cos™x
Exaw?le. 82.14
J'gin""x cos™x dx
=J‘ Sinx Sinx cosx oh
= -f Sinx cosx d cosx
- -j. (1-cos™>) cos™x deos
=j- coS'x +cos'x deosx
Case 2: n is o
Similar to cose |
PrH;ha : cosxdx =dsina  and  costx = [-Sin*x
Examrle. 832.15
Isin‘z cos3x cx
: fgin“x cos™x cosx dx
=J' Sin (1-six) dsix
=
= _Smsl - %l +C
Case 3: m and n are even.
Aﬁl\a : Sin®x = l-c;s , cos™x = "‘% ,Sinx cosx =4 sin2x
Examr‘e. 83216
j‘ Sivix cost dx
= J.(sinx cosx) cosix ohe
= j'(-kSiV\‘z).x) (%&) dx

= é—J‘Sin:'lxdx +—8!-\fsin’2x cos D= ke = veduce o case |

RCQSQ 2 aﬁain
'TIGJ‘ |-cos 4 dx + é—_fsim“zx +dsin2x

__é__ s'%41+ Sin 2t +C



. J‘EaV\mx sec™x dx.
Case |: m is odd
Pr‘;?ha : tanxsecx dx=dsecx and torwwx = I-sec’x

Exa.mr[e, &2.7%
\r “tatx sectx ok

=J‘ tan*x +anx sec x secwx o
=j’ +ax sec®x dsec=
‘S (secd - 1) sex dseex

=J secS+ - sec®x dsecx

=%-%+c

Case 2: n is even

Similar +o cose |

PrH;ha : secx dx cdtanx  and  sedx = l+tanx
Exa.mr[e. 83218

[ oz sec*x dx.

- J' tan'*x sec’x secx dx

=J' “tanritx (1++ai) dtanc

P Ex
= Lvs\sx +m—:x +C

Case 3: m is even and n s odd
US'Mj iw(‘zjrvt(:ion bﬂ 'Farbs . later !

. J csc™ cotx o
S‘-milarlﬂ . OFFIS cscx = —deot =
cscx cotx = -desex

a
|+ cot % = csc™

Exercise : Find

a) ICSC‘xco'Eq'xdx AV\S . -S_%& - 'J-CG:'FX. - Cd'ésx +C

b) Icscsxcctsxdx -$§§l+cs°Ts"+C




llr\‘Eejr'a‘tion of |wq‘(:iona| Runctions :

. Iw{‘eﬁrand widh  Ad?-
W For d@-2 , we let x=asin®
@ For dAd+2 , we let x=atan®
@ For d3-2& , we let <-asec®

Examr[e_ &.32.14
J2lE= &

=J 8 sin’e J@"—G (2cos®) d6
=J' 22 coSOsin'Ode

=J’ 3 cosO SN B

=j 32 co’® (1-cos0)

- I D cost® -2 cosOdcos®

32
3

J-(‘l4'£) +C

= 3_2COS Q- ==

(EZY

2
R+ )(4- ") +C

cos®® +C

']
mwm

L
S

Also we have

Examrle_ &3.20

JEE &
- A0
= \r % TsecS+tan6d0

L [ sned0

2H' l-cos28 d6

R o
-é—sln>.9+ yr +C

i Bx

J=-u
p-ig

4_<.'.os 2 L C

X2, Ad+d

Note . /&2 s well-defined onla when a@-o 30

-l<sSmmB < |

et = =2sin®

X = D casBAO

% =2SmO = <ind =2°.5

cos® = +li-side = 1-@& -

T T
-2<$0< 3 = cosO >0

i

-

. Ccos 0 = =

_that means

T T
when -T<0g=3

[et ~=2secHd
dx= 2secO+an0 Jd6

=
2

- A< XS QR .

so -asasinf@=a , Hat s the veason wka we let x=asin®.

Think : How about Ad+2 and AX-a& ?



Exercise &.3.3
Show that jeor o>o,
Q) J\"a’.-fd'l = %'illa.a-f + —éd"ban-l(ﬁ) +C

b) J)Jx‘-.eo?&x_ = Lxdlad 4 -.;—_a"lvxlxwlaéio?l +C

84 | vation b-a Parts

Recall: Let uco and veo be chﬂevev\'bable ’fwxcEiovxs .
PReoduct  vule - a;(uv) = ‘*d_x""' %“—

de '%(UV) -V d’(

lwﬁeﬁmfe both sides with vespect to x
_Yud—"dx=fad;(uv)&z—fv%“—dx
Judt de muv-fusads
OR: jw:lv = uv-j'vdu.

I vation bla Parts \Yug;'—cdx=uw-]\v$dx

Examrle. K41
Ix’ lnx oz = I(lnx) X o
=I(|n1) &(%s) o (Now, Uu=ln \/=%§ )
=j' hx d 3;—
= %;lnx- Td(lvxx)
= Than-fE Lo
S P = S
= %ilv\x— %3 +C (\/er‘rf% +the answer b-a Qhﬁmvrtzdﬁov\ )




Examr‘e. K42

fxexdx Note - £L—ex=e_’L
< xde” ey = de*
= 'xex-j’exdx Now, u=x , v=€"

e -ef+C

e (%-D+C

Remark : Why don't we try the -fouwanj’z
j) xe ax
= _r e  xakx
= f & dX)

What kaFFey\s’?

Examr[e. 843
J’ e
- faede*
= et —j' e*d-c
= 2 [axe e

Ex - Psﬂ:»l.a |vrte3r=rbon b‘a Ta.r& asain 14
Ars : € GE-ax+2)+C

Question : How 4o wmake a s ucd  and veo 2
lrteqration by Pacts Judtds - w-[vdede
Exaple + [ lnxdx = f(nx) 2 o
- fino S o
Realize ~the ivr‘:eﬂmml os a "Fmolmb of parts ard make a Guess sf ueo and veo
Such that one -Far-(: can be vealized as a jeunc(:ion U , anctheyr 'Favr(: A S



Emeh 4.4
Ixsin%-x.dx

=J) xd(-£ coszx)

——é—xc:;s%x - f— "§ cos2x dx
_L
2

xXcos¥x + q'— Sn3x + C

j‘ln'x.dx='?

fw x>0

LKMS M&ﬁm&%n Ea Fwt:
Sl dx = xlne - fxdlnx

% —‘rx-—;zd-x.

xlwx-fdx

%l - +C

Exercise &£.4.1

Find J‘ l°30.’° 5%
Sy |

Hints : hﬂ&t-'::

Jloaxcbe e=—— [ lnx dx
Ja na

=1

, (- +C)
na

ld%ydkntf LTPMchIEmﬁwst

==l R ¢
xcﬂdx o + C

== nx _ __x + <
In a Ina Ina

U= 'V\-x.

*na

\)ust a constant ?



Exa.wrr[e_ &4.5 (Tvamfcwned wito the cviﬁina.l IV\'(:ngm])
Je" cosx o = J‘éx dsinx

= efsinx - _rsinx de™
= €'sinx - j. Ssinx

é*s'w\x - J' e“de cosx,)

= els'mx - (-Scosx - _r- cosxde* )

Esinx - (- cosx - f- Ecosxdx)

E'sinw + € cosx - \,re’.(cosxelx.
s__.\,—_)
badk o “résef ?
, W—'DOV\"‘: 'Fb\fﬂe‘t 9
lfe*Condx . E'Sinw+ € cosx +C

Jé’“ms-xd-x = -&e"(s‘w\x+c_osx) +C (c- L c)

Examr(e_ 84.6

[ Sintn=o dx

= xsinlln=x) - _rx d sinthax)

~ sin Unx) - j cosn =) che

~x sin Unx) - (xxcosthn=) -J'xc( costinx) )

~ sin Unx) - xeostn) -J\ Sin (n=) o
jsin Un=) dx = éx [sinUnx) + coslln x)] +C

Exercise &4
I secdtxde
- secx (sedurdx
=S secx dtanx
Ex
= Seextanx - J‘Secsxel'x.+Ssecxd'x.

j\ secx e = %[secx‘(?mx +lnlsecx+tanx |1+ C

Becavefnlcf+/-

Think : In je,wernl . how 4o find j"(:anmxsac"xd-x. ?f wm is even , n is odd ?



85 TReduction Formulae
= |dea : Obtain a -fommla +o reduce -the Coml:le»m‘:% cf +the ln":ejmyd.

B(amFle £.5.1

et T, = j Ledxt , where n 18 a Y\ovmeﬂaﬁve. ‘M‘Eeser.
Prove that In=x'e*-nIni, For nz1.
In= [ e*d
= Jx" de*
= X~ J’el d=
= et Jnelx“"d-x

= 2" nT,,

1'I\

Nete - I°=,('e"dz=ex+c
We acan O:FF‘la_ Hus fo\fmmla. reFea:Hg wrtil we see T, :

\fxseldx =T, = XS -31,

-3 (e*-21,)

L£e* - S(x"e?"- 2(%e*- [-1s))

-x.;e’L -3xCe +3axe ~2.2-(-T,

X
fe'* -3xCe +3axe -2l 4+ C

3 3 x 3 X
= et - P+ Pixe -Pie* + C

[ f.'; )Pt e ]

IY\ ﬂenero.[ ) J‘{e.ldx = [é(—l)rfpr‘xn-rex ]+C fov- nzl.
The fvrw\ula Ip:=x"e*-nT,, is called a reduction -fovm“la.




EmmF(e &52

Let Tn.-= J'(:ann'w.&x_ ,wheve n 18 a Y\onneﬂa'elve ]WEEjer‘.
Show that TIn- W‘_T'Eann-(x S jeov- nz.
wha / How do we set +his?

" d tanx

I - [+tacc
- [t tanr« dx
- J tan™ . (sedx-1) o
- [ at ™ sex dx - [tanxdx
St dtanx - T,

= Tl_T'EaY\n-‘x ) In-';_

As we can see, the index n is decreased l:ca Y when the reduction fzmmla is aFFhed ,
so we have twe cases :
Case | : S‘tar(:fvomanevey\ivd:ejev- =2m

Lo =ﬁ tan x4 Tomaa

=_).W'\-I -Eny\m-'jg + 2":_3 'EAV\M-; + I:.m-‘}
=_’2y:\-| +tan % + 2":_3 dan x4 +%'banax +tanx + I, (end at T.)
=—2,:\_| tan " + 2"!_3 a3 ++tadx +tanx + %+ C (L=fqlx =%x+C)

Case 2: start fvow\ an odd lr\'(:eﬁev- = dm+l

am
I}m-n =2:M—'l:an €  + Ia.m-l
am Am=-2
=>ln_+‘““ x+2w:_> +an x+...+74'7+an“x+—'.2-_ 22+ T, (enrd at TI,)
am AM=-2
=1:M—+nn >+ z":_i +an = +--o+—!‘;'ban“x +_l'i 2 + In|secx|+C

(1, =j'tanxdx s In|secx|+C)




&9 .Deﬁv\'r(:e. lvr(:aar‘atﬁon
q.1 Riemann  Sum
Goal : Find  +the area af “the resiov\ under  the curve %"f(’o over an interval [a.bl.

4 IT (6=.f(.,0

//;\//

i Prea

S
>

x

a b
Wart | e know w\'\a(:-(:keam?farecbv\jle is.
However. what is the area c:? a rejlbn with a curved loomdana'? (How o defme 2)

=l ldeo. :

AFPruxima:Ee. an_ rec&a.vg(es l

A parkition of the interwal Tabl ts a Frite seb Dxex..od Such that
Q= Ao <A <He< <Kz b .

We denste  Ax = xe-%4, fcr keta,-n.

Then , we choose Foivrl:s, o CoiiCo, called Far(:rﬁov\ 'Fo'w‘r('s so that

Wt S Cp S X fw ket .

bﬁim’r&iovx Q1.1

et f=|}.z,‘:]—"'|k . The Riemonn sum is defw\ed ha éf(qgaxk i
ln 'Par-‘:icmlar-, 'j A= O . the sum s called -the lejzb Riemonmn sum ;

ij Cr=Xe ,the sum is called the rﬂkb Riemann sum .
YUa

}f&) For the k-th recbavgle :

€O 8%
/ /7 i_“*_'
/] _— keiakb*widﬂr\=o.mcf'6/\e_ k~'H\recEwwﬂle

o=t fx.'\x 1»-:3 u.)m-lo >x

C (e} Cht Cn



la;

[(}

(&




] (dea. :

(vxcveas’ma n_(number cf vzc(:avg(es) = Retler aFFrmdME‘uon

Theorem 9.1.1

lf f:ta,\:] —>R _is continuous (or piecewise corttinuous ) ,
and axe = ax = bT“ for ket.a,.n (even Fav-l:i-hon) Xy = @+ kax for k:o.t.2,--,
then 1o matber how i are chesen, lm_ piC JCRPORRN aloays the Same.
The area under f(x) over [abl is deflne.d to be this number ,

which s densted b‘a_ X:fﬁoel-x

(Remark Ns&lmvj velated o mdeﬁn?'ba M’cesrct(flon So fa\r 1)

lnfac(:, CDmFx‘:d(:ioncj-Eheam s st rdaiv\jw'ﬁ'\e above. ~theorem ,
but the fwdamew(:al “theorem cf calewlus . Clater 1)

4.2 Rules fb\"Deﬁv\i‘(:e, lw(:egnxﬁon

Theorem 9.2.1

Let §.q:RoR be continous (or piecewise cortinuous) Functions
SwH»se asb .

ks a consbart . Iy kfwax Iy Feod

-fbo jeodx J':fcodx :tjl ageodx
2) J Feod -0
® f foode s defined 4o be L eode Cooverse draction)
o Foock - N fwdmj foodt  Jor any ceR (subocdivision)




Geometric meaninj ?f &)

¥ ascshb,

Y ‘6??(70

n

2 e [y > Q. b & < < b
b c b
S Food < Foode s [ Foode
¥ c<ash,
Yy
g-f
/ I R I o
= = +
= = C > (7N b c a < b

[ frode = [ feode s o feoe
-J:feoclx

Exercise. :

Think : (Ah.a 58) 1s tume 32 ashb<c

4.3 Fundamertal Theorem of Caleulus

Theorem 9.2.1 (Mean Vake Theorem Sor nteqrals )

Let $:Tabl >R be a continuous Function.

Then ,there exists cela.b] sudh that .f:jeoclx=f<c)(b-a)

4

Y =-j?eo

>

f(c) =




ReFaraﬂon :

Let f('b) ,teR , be a cortbinuous funcbov\

% A
3‘:5(‘6’
/
Lo &~ A >t
T 1
jixed movable

yX
b L‘f&.)c}(-, s well defired for all x<R

2) What & a 'ﬁm\:ﬁon 2 (ROVS'I\la Sreal:mj , 'lv(l»d: =, D\K(:FKE % .
Now , construct a new fw\d-:nov\ Feo Qle-fine.d \o(a
Feo = Brea under +he curve 9= -fe(-.) over [o.x]

_L Feordt

Thesrem 94.2.2 (Fundamertal Theorem cf Caleulus)

Let 5 RoR be a continuous fwvd:lon and let <. eR .
Suﬂ:ose. Feo 1= xa. func(:iovs defimed l'pa
Feo - L‘f@d& )

then Feo s a &lﬁexew(:ia\ole_ 'fw\cb?on and  Feo =‘f(';0.
(ie. Feo 1s an antidevivative cf fbo D)

) Divect consequence j:fwdx-\tfwdx-ﬁfwdx

= Fdy - F

ie. xf we know how o compucke avrbdemva-(:cve of oo
then 1o knows hows o fnd Lo feodt




Which one should we 'P'nc.k 2

Edn - By = (Fr+C) - (Fey +C)
= Fdo - Fa
b
= %o d .
T‘t\ev‘efuve., wWwe can ‘FiCk amaone !

Let -f(-l-.)=+_ . Aoz O

'f(':t): x

Feo - S:-fu-.)d-b
Area df the shaded '(:Y'lanjle

L
5 X

Nete : We have Feo =‘f(70 .

EthFle. 32

Le'bf(w.)=x+l
Antidevivative of f(-ao = ji+|d’1 = §+1+C

Choose C-0, let Fen « £ 4=

Avea of +the shaded resion =\Y,z-fbodx = F)-Fw
= 4-32
%
What we write :
5 e che [£4a)
- E%’u‘)-g-!;u? = 4-2 -2

F&) Faw

Exaw?le_ SRV | (Ver‘zf\ca-e:on cf Rundamerttal Theovem cf Calewlus )

2)  Wait ! Antiderivative of fw is NoT wnique. , but umi?ue wp to a constant .

v

TN

"

% 3

lf ﬁ(x) is ancther arctiderivative of 'f(-.),'ﬁr\en Foo = Feo+C , where C s a constart.

fw =X+

S

N
M

—> >



BWRF‘Q. R

Let f(:o=7c‘
Avea of the shaded reﬂiov\ = ,L Foo dx
[Z],
I -°
3 3
= () -(%)
4

E>:am[>le_ 234 (NoT a.\lrea, but sianed area )
L,i-l ke = [-’-S—-x]:ﬁ -4

3
Lx-ld-:c-[-?--xf= 2

B«»nrle. q35
Find jihn—ll dx

levL-ll e -_(_;Ix—ll e+ fh&-ll e

=j‘_l1-(x-|)d-x + fx-ldx

-9 o3
= 2+1-T

Recall : We can vewrte lc=1] = {
SCEI, B X4

jii-l e - [%_1130:%— - (Cancellation )

4

Y= feo=x

la ta:x-l




wa?‘e. %36
Find S5 -j?

. 4 'X.‘ ’X.‘
a)FbO:Soe”s-td-t . b)Fw:SOe”s-td-t . c)Fco=Lec°s-tdt

Q) g;'i:ecosx ("D'nrectla ‘fvom the Fundamental Theorem cf Caleulus f(ﬂ:emx)
>
L £ =§l_=e oeas-tdt-g,—’ﬁ (Chain e )
cos X
= e X
e 5y 95T
& v 4
ST N (b TR S (b S
- )xecosxl _ ecdsx

"Proof :rj the. Fundamerttal Theorem uf Caleudus :

Claim - lf Feo - Ef&)&& _ lim BLAZ)X&

Jm =fw e, F’eo-feo
a1 = fee)
% F(-z+Ax)-FbO

XA

-{ Sk
/|

s of

>+ A C XA
Ao R ZV.'4

f(c) & -fx:r some ¢ bebween . and w4ax
(Mean Value -Hreorem for 'M‘Eejrals )

ol

i Feta-Feo
&x>o &x

I- @ ax
= |im
AX—»o A%

= |iM f(c)

AX~»o
=|iw\f(c) (As sx tends to o, c tends fo x )
c>x

- :f&) (Ba o:wb’«mvn‘rta cf )e )

o Feo s clifferzwﬁable and  Feo =fw.




9.4 bef\vm lvrtejrod Usinj Subsrbwtion

Theorem A.4.1
b S)
Ja Fren) weodh = { e Fendu

EmmFle. 9.4
Evaluate _(: &= e )

j: Ex v

et w =~

: S,} Su Lo S Similar o ndefuite. ntegortion
§ i da o= de
=|:1m’:.(,1 when x=o0 , w={ New 2
=6 L=l . w=x } Don't jpmﬁe(:’i
Remark.:
Some may wite -
Still o and 1
Sf, x &l 0dk = J:, 42 ) dGde) (as dE&den = 2xax )
= [aeeen]]
-6
(Qust +the same vesute 1)
Exanple 4.4.3.
=PI
f;?l]v:dx et welnx
S us e
=l..|v\ux:|>.~ when x=e , u=l
= lv\l—lp/f'o A=, wus=2

= |ln 2




q.5 beﬂn’l’tﬁ_hﬂt%@gg_(%_lﬂp«rﬂﬂnm bu Parks
v J d

TL\MMQ':I

r:uf_E{_-dx - Lwg - {';vfz:dx

—_ExamFle a.s.1

=3
Evaluate S, ~ lnxdx

(’le—; hn~che = ‘:e ln = A(%)

B I ey R e
LSzl -} Tdlnx

(Sine- LD - [z o

e _r=tae

- £ -[%]

e’. Ie’. {
(&
.e . L

T YT




Ip p 45
///T;?\/:-/
\\ : /5’ | N g=qeo
7
A —

b b
Hx:ea_uf;sha.dgd region = S ﬂaodx-v(' gco ot
gon = Yal o

://>: :\!

Nos

=X

X =D=0

A=0 or |

(Remark : No need 4o solve y )
d

(o,0)

3
|61\ \afl =X
S{q} 2 Note when os<s=xs< | s I /
1
Avea = -Y.. L - //
= [%-f’g]:, (M)
= (_li >




ExamFle. a.62
Find the area bounded bla \6
A

Y=Feo-x x6=6cx>=%_ﬂ and la=l’\60:'}:x+1
(0.2)
Area=j:_ k@o-fm dxq.j: 3¢o_fw e a0
Exercise
=2+ (-L+ha)
= % +Ind 2,

Qa3 ‘lmFruFer 'V\'Eearals

[

-
/
%////

Question : Fird “the area of +the unbounded veﬂion ?

yavayi >

p. &

ldea :
4 9

A A

Feo

Z L 7

>
4

7 7
. a7/////

e X
(I
Ja ff(x)dx A Avrea of L-(:he unbounded region
-l o feode (8 1 ewsts)

We dente 1 by I feo



decag

S'(bbJeS\'

Cie

limrt does NOST exist )

- L
CD Ilm_g'_—ltdz__g_l_m\ rlnﬁr-l = lu_v\ IhL =4+ 00
L>+oo Lo+ T Lo+»

g‘— I | L
@ Ii L = i [-l;-l. = lim |-L = |
Lo+ L->+o ' L>+00 L

- Lk Lo {
©) |Lm_£'__—-':d-x s lim [-L517 - lim st =
L+ € L>+00 et Lot < = €

O 1 : 3 i
Lo+

A-»+oo

E_(am,‘;lg a1
(=]

Fnd [ ——— &

N+ eadoen) s a pogparial of coges 2

Jo G+FEx+)

I ~ 0 L;
G- 0(Ex+2) 8 5‘ x

1

L L
—AL‘“—L—FIW_ s fm [ 2
LS+ + xt2) L=+ ~© &1 3+

[
= hw\ C [n|1+||+lnl?nz.|.1,]u
L>+co
= !'nm lmléﬁl - ln'_)
ilreat SR

I_y\3~ ln2




ExamFle Q33
+ 00
Fid  J, <™

wim [ x™ T a [-e™ T,

'('f_hd +to 0 when Lo+
)

et _Lgt L
s Le 4_e 7

98 Solds cf Revolution and Disk Method

\(arf(vo
7.0/

a b * -

\"d'tdfahs R about x-axis

S'Nes a solid S

volume. = TC [f(x;) ]1 A%
e
\J)

«—
IS &
Volume. 55 S = vl‘w_;\*% T Cf(x;ﬂl A%
b x
= Sq Tl feol ae

o
=T ja beidx

AR
>

!

N

ZANTAT
L,

Aﬂ:roxima:be. volume. uf S
53 Solid  disks .



Exnwrl:le .81

Let fwdk’—x‘ for -Rs=xsR

)

/\‘A = j’ ) =R Sewi - circle
al >

E G

R
wohume of S = [ Cfeal e

= T J:R‘R'R;-fdl

R
=t [R=- 3]k

= —%’—'W.'R (fb\rw\v\la " Secwdcma schosl )

C(h,¥)

o) Find the eczua('ion cf the S'braﬂl«d: line. L.
b What is the solid S Sey\embed Bé m-bxbnj L cGhoxt He x-ads ?

) Nolume of S -

Ans: o %h\%x
b a c.one with ke‘sbr(-_ h , base vadius =r

() ’ICS (-;;x) e = T




ExamFle .82

a) a=-|
b) the g-axis

c) x=-1

a) y=-|
3 . )
Volume. = .L T (+3) o

|

=T Li"+zx’+ Labe
5 3 !

=T [é'x. +%x+x]o

e

b) the %—axis

Volume. = S;mr.a?a.a
=yl
=TT Eél-ta‘]:,

=4
=3

c) x=-1

{ 2
Volume. = .Y,_.,TDC\l_aH) elg

=T j; ‘6+:,%+ | d'é
=TT [—5_—%’4%" ‘3-3: + 13];

=-'ET°

et C be a cue 3ive_n bug la=7.’ 'fbr' Oosxsl.
Find e volume cf +the  solid 3e.v\eraﬁecl bua rcr(:a:(:mﬂ C about the axis:

%A

a.n

(o,0) S
44
/ a.n
% > X
(o,0)
1+
r
(&)
4
>
a.n
)
3
(o,0) T
|a N
/ 0
4l
,J5+|
>

(o,0)



8 10 Power Series and Talyor Series

(0.1 Power Series

Definrtion 10.1.1

A power series is an in:ﬁn?ﬁe_ Series rf the j?wm .
f(ao = goa.\(x-c)“ = Qo+ By =C) + By (x=CY -

where ¢ is adlled “he center.

ExamFle 0. 1.1
-")1(70=§"°1“ (‘Fw Series centered at =x=0, ie c=0)
Call a,'s ez(ual “o ()

= [tk

Howevey,

f(::.) =l 42+ 2%+...  (does NoT c:ovwerje )

Ha\in ?;AESBOV\ 2

Find the 'Fosible_ value(sy ef % Such Haat

oo
feo = “Z'(oa.\(x-c)" = Qo+ By GL-C) + Ay =C) - c:ovwerjes 2

Theorem (0.1.1
= [i G :
Lt R-v(\(g\“|am| 1k edsts or +w
Then f&hgoaﬁ(x-c)“ =a,+a.(-x-c)+a,(x-c.)1+--- cwajes

when c-R <x<c+R , but divev-ses when x<c-R or =x>c+R

Dont know

d‘tmes / \ c:‘iverges

c-R c T c+R

C’on\/eYSQS

R _is called the vadins cf Covwe\«jence



ExamFle. 0.1.1 (Cont.)
fuh:i:ig.“ (Pw series centered at x-0. ie. C=0)
Call a,’s eiual o ()
= [+t

lima Ga_

NS Gt

-.liW\ —'=l
wao |

L R=1, f(vo=g°1" Ccmvevrjes when -l<x <.

ExamFle. 0. 1.2

$ L » ; i
f‘*““% e (‘FO\-.)QY‘ Series centered at x=0, ie. C=0)
= L4+ 3(_!_11_‘_3;_!_15_.__“ (a.,\zfn-!)
(iwa |—a"—| = lim nel =+
NS0 | At w00

. R=z+400 (Converkion) , f(—;o=fz§° V‘L!x" Ccmvevjes -for all xe®

ExamFle 10.1.2
] n n .
-fcao =2 D %(x-m (Po.m- Series centered gt x-0 , ie. c=-2)

2
( Q=1 % )
n >
N L a
(.VV\ 2 = ll 4" = Ln =4
“‘_’a Qi V\_v’““ N+ ngel) N3 (n+1)
( ) 4V\+I
c-R c4+R
{ $

o0
R4, -)Zw=§°<-n“%cx+n“ cw\vevjes fof‘ all ~6<x<2




(0.2 Talaor ’Polanomials
:Defini-biov\ lo.2.1
Let -f(x) be a fw\c(-:uov\ with devivatives of all orders on an opan nterval I , axd cCceT.
, " )
Tk = -f(c) + -f(c)(x—c) +-£.§§->-(x-c)z+ ~-+ﬁn°T7-(an-<:)'l
Ll k
_ ) _
- Eo = (x-c)

is called -the ’l'al.aow 'Folnav\ovnia‘ cf order w. 3enevu'€2d L:ua f at c.

Exmnl;(e. 0.2.1

[et feo e . fmd the Tallaor 'Folgnowﬁds TaG0 Senevv:ﬁed lxa f at x=0.

ch&e : f‘k()‘&)=e"~ av\d fd?o) = | -fbr kg o.1.3, .-,
T = 'f(o) +f<'o)1.+ 5;6_?) x‘+---+ﬂ2)-x"

n!

2 | )
= l+’l+3|!—'x Aok e X

V\_l k
=I§Bk!x




Note —that :

, y )

Ta&O = -f(c) + -f(c) x-c) +-f%l(x-c)z+ ---+§4:L°T)-(x-c)" = T.@-:Ffo

4 L3 ) - ‘ v

ThGO = -ch) + o) x-c) + ---+%_°‘—)>-!(x-c)“ ' = Ti@ = f©
)

Teo - o+ fQae!™ o Tio. o
o

oo = fo > Tho- £%

AT PGS C{F‘Fvoxima'l:es -feo avound  the 'Foivvl: C in a sense -that
T = -f«:)
T,'\(c) = -féc)

T = -fé'c) TaGo  and feo agv-ee at the ]»Iv-r‘:. c v +to n-th derivative

(3]
_rn(C) = f hac)

0.3 Talaov's Theorem
Theorem (031 (Talyor's Theorem )
B § and s first n decivatives $. .. §" are continnous on the closed nterval
between x and <, 7 1s cfferentiable on the open wterval between x and .,
then there exists 1 between x and ¢ such that

v

'f(-x) = -f(c)q-fic)('x»c) +%L(-x.-c.); +»--+ﬂw?)-(x-c)n+ = x-c)™

AT DL
ved

n )

v 1

= 245 m(x-c) + VTS i
=0 ! s+t

= The) + R.e0
ie. PrFmeimxﬁe f(z\ ba Toe0) , then the enwor can be arressed as R@)=&(I—C)\AH

(G T2V
‘fw _ry\(x)

/

'f('x. ; ‘aé the G+n0-Hr derivative

NINE

(et

— f (ﬂ) W+t
R0 = CornT XS ie. He ervor con be described




Exo.vv\PIe. 10.3.1
A’FFVDX]W\C&'EE Cos O.|
et j?eo =Cos % ,
T 0= Ty = (-%4—% —ralaor ‘Fo(anowﬁals 3enera'ﬁed ba f bt x=0.

Cos 0.1 = -f(o.l) ~ [g(o1) = 0.995004-166 ---

©
'&8 Ta‘aor's Theorem 'f(o.l) = Tg(o.1) + 5{5‘?— (0. vke(o, o.1)
© . ©
Posalute Brrar = |£2 o) Note : $% = -cosx
SZlT(O.I)e ~ I.38xlo-q = |f(‘)('0| = |

\/ena small .

ldea.:
, ” ) ()
'f(x) = f(c) +f(c)('7.-c) + -%L('?L-C)l ERPPS f%!g-(x- Y+ (v\+(0)! (=)
= The) + Raeo
Ra&) = -j‘cao - Tae
If lm Roc)=0 . ie. error tends *o o . then
N-yoco
‘!\ig\“ 'ffx) - Tv\(x) =0
Feo = T )
Vs =21 .
n
e lim 23 @u-c)"

NS Y=o

= -f(a) +-féc)('1.-c) +-£,§—C,'>-(-=t.-<:.)z + ---+§%?)-(x-c)“+

Defw-éion 10.3.1

Suppese. “that F© exst for all nao.ia

Tajor Series querated by § at xec is defined by
i%{»d‘ = fccnfémcx-cn%ux-c)‘+---+ﬂn;51(x-c>“+---

[ For&imla.v-, \f c=0, the series 1 called a Maclaurin sevies.




Technical 'Pmblews-.
0 Covwev3ev\ce of Taalor series 7

ln fac't ,Q —I'alaor Series IS a power series. vedius cf convergence - ”
2) Covwexje.s o feo 2

)
limn RaGx) = lim f(ao -Tax) =0
n->co Nn->co

F\"eﬂ(uew&la used —raltaov' sexies :

O = 4=ttt = A ‘ xl<t
I—X N=0

2) L (ot e =2 28 @), x| <1
(Exa Nn=o

3) &= l+-x+1.1-+---+ﬁ+~-- -n X . vV xeR

5 ™

4) S‘(y\x-_-l_i...i_...*.(-onx—a”“.(. ..

Y Gne)' | neo Q! 7 ek
4 e |
5) Cos=x = "%"'%"""“"Té*'” =“§é_£,_ <", YV xeR
oo N antt
6) lV\(l+X)=X—§+%‘;—-—"'+(-I§m%+"- =v§% . Y -t<x sl

Remark . —n\e-a are Madaurin series in fwc't

ExamFle. l0.3.2

Find -the Talaor- Series Sey\era:bad frcm ffao ce ab sl
Note - f(() = e:.
Feo-2e" = Flo=ae

” 2 y
f(aon‘e’t = fh=2¢e

) b
f‘ﬁw Y e = f Ww=Ye

Talaor- Series Sey\era:&d frvm f('x.) =e:.x_ at ==L

2 £ r $ Qe -
‘Z_\’of:%lcx-n =2 560




0.4 OFerac‘:ions cf Taalor Sevies
Fom the above ?fvz%uey\'bl%_ used Talaor Sevies , we Can :ﬁncl -the —ralaer series of

more.  Complicated netions  wrthout  startin w  definttion (0.2.1 .
P 3

Examﬁe_ (0.4.1

Recall :
ex XL R ) il
Sin X = X -t-5| +C |) (2v\+|)!+ _nz._.'_',o o]
~* n 2" S <) _2n
cwx"'i“ﬁ Ll R
et l+x+—§,—+ %+ =2 =
I)CA‘:H?HDV\)
a2 _3
Cosx +Sinx = l+x-%_%+...
2) (SuBme‘bcm)
3
CosxX -Sinx = l+x+%?_—+%-?+...
3) (Broduct)
3
CosxX Sinx = (|-_+ Z. )(x_l+%.ﬁ'ls_...)
BT S0 P TU D 1S 3 PRI S [ > st
3 5
2 s
_%T. +>.7!L3! -
5
+% -

"
7
o
+
g
H
1

4) (Cochsi'Eion)

{ 5 3 s 2>
E L 4 (- 2 b (- ) (e Yy

._.|..__

5i 2! 34 3! 3 sl

l+1+—f+---



5) (Division )

[et SWUX . g 4ax+a X+

Cos %
Sinx = Cosx (Betax+a,X+:--)
&4
= -;—‘?-.-g- vee = (|_§+%---~) (Go+aX+ 0+ )
Qg > 4 ..
- Qo -2 + Zo
3 5
ax -2 + G —
o -t + St -
3 5
agt -2 +%1‘x:*
Compare cpefficien'ts of 2 For r=o, 12,3,
Qo= O
Q, = |
Qo
- —i +a, =0
a
- Tll. -+ as < -3'
" Qo0 , A=l ,Q=0, Oa=% ..
Sinx _ 3
+tan x = " LR S
Exawa|e. lo.4.2
{ N n == N ow
Recall : 2o A= X)) A= 28 )
[+ n=0

6) Miferentiation)

d \
B T+x

- —qu [ E‘, |

| - e "
(H-X)z n?o(() %(X)

o0
= Z\ (& l)h Y\x_h-l

N=0

w d -
. 2 ) e
(U+x)"  n=o

= i 0 st (- when n=o, e . o)
nel

{

Find -the Tala,ov- Sevies Semeru(—.ed I:a (H_;’O; at x=o B\a_ vaxsideﬁh% ad; i

+

1
U+



'DU\-E_ X =0

‘an'e) = C + 22 (—l)“ :—‘—(CS‘M-
n=o N+

C=0

AN+t

tor'w = 2= =
n=o N*




8 || Towards Mutivariable Caleuus
et FlAV\C(Z\OV\s cf? Severrl  Variables
Exa.va(e. (N

et z=f(x,«3) = 'x+’2.3—3

2 =f(1,0 =242 -3 = |

ICSEEER) G‘wen a ‘Fo‘:v“(: on 'x:a—‘Flane. ,
S “the fwxdciov\ vetwns the Ir\e.jkt

| "¢
/ (:,l)

X

Peffum “the dbove fm/ eveay ?oMb on -x.a--rlame:

z=f(-x,|3) = '7L+').3- 2

= 1+18-z-3> =0

Foct : Ax-«-'B«a-\-Cz +D=o gives a 'Flav\e and

AT+ Bj+ Ck gives an Novmal aj +he -F(av\e_.

AT+ Bj+ Ck

Ax-t-'B«a +Cz+D-=o




LJlma such a a.m1|>|f\ 2

tren 2z J;T:é‘l
(xm.r':?(a\")
%
—
(;,'6)




(12 Limds of Functions
'Defin'rﬁon (2.1 (lﬂfbrn\d()

When (-x.a) s Seﬁyg closer and closer +o (t(.,,«a,) ) f(xca) s seﬁmg closer and closer to L R,
then L & sad & be the [mt cf f(x,«a) at (x.,,‘a.,) ard we denste Tt lo-a

|iM fﬁ(,a) = L . /2

t‘.‘a)-)(xo,taa)

> e Z=f(=(.«a)
ik

ﬂ\&%@

xL

Fact : |'|W\ f(-x,%)=L f and onlva ‘lf

(x,ta)em,taa)

f(x%) s seﬁﬁmg closer and closer to L eTR
when (1,33 s seﬁ.mg closer and closer o (io,(a‘,) a|on3 ama 'Fat"\

Exaw\Fle [1.2.1

4 & 2 2
X - X
Let f(:x,'a) = ""81 , fav- (7:,3) # (o,0) .

Find  lim f(x,%) .

(i.\g)—’(o,o)

4 & 2 b 2 :.(: a
I = 2 S W < ET" Pl S D)

&.y)-(0,0) X+ 3" &y -(0,0) =< +¢a'_‘

= l'lM X:— (6?.+ |
6&.!3\-9(0,0)



Exaw\Ple 2.2

X+ X, °,0
et f('x,na) ﬁg fw— .y # (0.0).

Does lim ‘f(x,(a) exist

(x,a)a(o.o)
C,
(o.un),y>o
49 c.
o) , x>0
Alonj C,

U

Jno Fop = fmesle oS

'£=l/

limn 'f(x,%) does NGT exst .

(1,8‘)—»(0,0)

Alorﬁ C.: do NST OSY'Q.Q.Q

||W\ f(-x o) = |IW\+
1%0

.2 Cor\'tinul’ba_ cf Functions

Dejin'raon (.31
) :f\mcﬁon ftz,ta) is said +o be continuous at (Xo.1ge) |f (nm £ L =f(u 4o

bt.\aw-vtx.ta
Exaw\Fle (1.3.1
Let fﬁ- 'a) i { e **9 'f ('x.ta)#(o.o)
o f (143)=(o.o)
Note :

‘//////} e&%y T':aJ;E:%?
-
when (X.La) “tends o (o.0)

(CH-))
r tends o0 o




('X.tyllr(o.ofﬁ"a) ) & \al)lr(o o)e é

= lim e-ri

-0

=0

(.*"Qlir@’ofu,lahf(o,c) and so f(i,la) IS contiuous at (o,0) .

Exaw\Fle 11.3.2

Fnd l'lm eS'M xva,

& L,y)->(TT, 1)
‘4
Since j(x 9 :-e.smma is continweuws at. €, 1) (continueus evevawkem indeed )

Slv\(Tl'. 1)

. J;"-'»‘m,n j(-&.a) - j!(-m. 0 = = |

(1.4 Partial DWM

N

7 S ? ‘g
(x,%o/ . C.
& / (X,(a—fALa)

C,
A‘WS C.: Y is fixed (reﬂard Yy es a constant.)
Then f(x o becowes a fwcﬁon de?evc\ms on X ov\lg.

x4+20W -TELW) . “
%-A!::of( 'A f ;) =£ raqums ta_ as constant

P)lovs G: x is f’med (reﬂo.rd % o8 a constant.)

Then f(d. o becowes a fmcﬁ cle1>evdm3 s OV\%

%fa—-All-am_mfh‘ﬂ*”a) Jep Sf_ a\cywlv\s x_as corstant”




L“*\,_\ z:f(-x,ia)
< >'3
—_—— Qy
» (1,‘33 < &= ‘a)

C
é_=3l°{>e°f'-' -%=Sldl>eofl_;
Also, we use f,“f.a ‘o denste -§_ ond %% re_?ecbvelca_

Exaw\P‘e (.41

Let f(x,a)=f+1w§+ca“ psloFeﬂ\
é=3£+ . ,-§§-=4'1 Ay ( (\, =
3 g Slope -

La
-§(|,2)= -t 7 ?—%((,}3:40

— (> ,f(l D=2 25)

SN
(.2

G

ln 3ene_ml, ':f f(x.,-x,_.---;x.\) [ fw»c(:ion deFendinS on n vavidbles |

§i= lim ..., X "'513,"'.1(-\)-:?(:.‘,...'13,...,1‘)
¥y axgro =)

C S% rﬁa«dw\j all_other x's as constants”

i(j’:t@) =§\:71%‘_-
2L a5 32
2 %, éﬁ'f%
33 3




Hiﬂhev‘ Ovder Partial Devivatives

Exaw\Fle 1.4.2
Let f(‘x,a) = 7(3+)aual+ (6"'
§ =3£+1'§ , %%= l+wa_+4-ta3

I % NoT necesswaa-bo be the same

Exavv\Fle 1.4.3

|_€t f(i.la,z) = i taszq'

ARV L SRS R R
R e e

33

fua = f'&" = (:wa" 2 fx-z_ =f7_x = 8‘:06 'z fa-,_ = fz,a = D.x"ca‘zs

1.5 Dﬁa‘enﬁabilfba

[dea :

'Dﬁerer\'ﬁabih'(:% of %=f(-:o abt x:=¢ & Construct a ‘(:a.v-aevft line at x=c

‘6’: j’(x) ¢ ,f(c))
\\ (alf@)) \'tav\aewt |ine . '6: f(’o

Y- $ = ffa) x-a)

Y- f(a) + f@(x—a)

fu) is diﬁexewtial:lg at x:c fu) is wnot d:rﬁe.rewtial:lg at x:c

Dﬁa«mﬁabilrha of 'z_=f(u,|a) ok (Ly)=(ab) & Construct  a ‘(:a.raent ‘Fla.ne. at Ly = (a.ld

(a,\o,-j?@.u)

z=ftx.za)

%
@by




Recall :
§ hm Fassn-fa .| for some real muber L .then s sad o be dferentidble at x.a.

()
mofcamo-céml_m) .o For some real nunber L (n $act , L=Fia)

.D%v\i‘(jon t.s.1 ( Generu(izaﬁov\ cf -D'ﬁerewbia\oi"rba)

et f(x,ca) be afwnchiov\.

B lm f(a+¢x.b+%)-(‘?(a.l>)+ Lax+May) _ o $or some veal nuber LM
(A:L,Na)-#(o,c) > 3 ’

SL-\-AIa

-“then 32(-1,«6) is said to be d‘ﬁaewﬁable at (x,ca)=Ca,B).
(U et cose, L=Fak . H- —i%m.u )

ExawcFle 11.8.1

Let fbn.ta)=xg_
fx=la = f’k("")’l
f.a=x > f‘a(l;:.hl

limn f( l+sx.).+Até) (R + s+ | A_Aé)_
(Ax.ua)a(o,o) ng.

lim (o) +ag) - Q4+ ax + lag )

= (A’;Aa)-?(&.o) = FS
A‘L-l-bla

(AXNQ Y = Jax‘-t-u.a‘

lim _ sxay -

= (A'x.ua)-?(b,o) @ <o

(o,0)

Ax=Ycos O A(aa rsmnd

liw\ rcos®sind
rso

'f(x,ca)-:xa_ is dlﬁe.rewﬁable at (':L.a_)-(l,'z.)

In 506(: , the 'EAV\aeyrt Flame. of ja(aua)r&:a_ at ('x.a,)s(l,:.) is %’Ney\ \oca_

2= f*("» (x-0+ f‘a(m.\ (ca-z) + f(u:z) = 2=+ («3-'2.) +2 =‘11<.+n3_+'>.



2

Remark : A (a,lo,j?ca,u)

D) fx(n:l:) exists = Y, is smosth ot (a,\a,-f(q,b))

A
/ ~

z:j?(an.'a)

2)f,a(a,k) exists = Y, is smosth at (a\,lo,—f(a,b))

/
33f is d’lﬁereﬁﬁal;le at (1,«-3):(01,\:) £ /Ca-lo)
= Construct  a 'tanaev\t ‘Flane. at (X.la)=(a.‘o) C
.6 Chain Rule

Theoremn (1.6.1 CChain Rule)
Let f(i.,x,_,---,-xm) be a d‘tﬁ'erewﬁaue f\md:iov\ deFevdinS N S NPT, 2

ard each =Xt 4. S a chﬁerewtial:le fwc(ﬁon deFewa\inS on £.€, -

Then f can be resamled as af\mc&ovx deFevdw:ﬁ on ot .-t
and

= . 7.8 . i‘“ <ls
—gf_;})-sﬁx-‘ ¥B+§_~=%\§+ +§-1m}(_3 for (\J"“'

ExawxP(e, .61

et fbn.ta)=e"s'mt3 and  x et ta-'(:3

; S

/7 \

x4

_lt .lb = exsima Xt 4+ eiws% Xt

=Xt e'bsln(-é ) +3E €€Cos «)

Exaw-Ple .62

Let fb"%)geis.lmé and L =+v Y=u-v

§
1/ \la %é:%%*-éla%%\.
/'\ 7/ \
w v «w v

= e.xs’mla [+ excos% .

U+v =
= € Sn(u-V) + e VCOSQA-\I)

>3

C.



/ N\ py

X (é %3%:3%%%;*-}%.%%
VAANVARN
w v ow

= e.,xsima S+ e.icos% =1

n+v -
= € Snlu-v) - & Veos Wn-V)

(L3 Dovble lw(:ejml

Recall -
Area under :3=feo over [a,bl y=Feo
=L‘:-§eodx

~ 2 Jen o pas 7

(sum cfareas of re::‘:avg(es)

Hesd rx.’\ % ey m..)xsb x

< < Cht Cn
Genexalization :
\Volume. of Hre solid under f(vua) over a resion R

= .‘Yé f(x,la) dxdta_ \I’Z
=~ ? 2'\ f(o.:,kj) % 845 / 7
L/ Z=f(‘x.la)

(sum cf volumes cf \rec(:QV\jvJav- boxes ) -

X
[}
i :g(ai,bJ)
® Lo
Volume = Sé f(x.ta) dxc‘ca_ %(aiﬁ)) <a _Fom_b [a-mg
) o S— 4 4 in_the. rectav\%le

R




However , we. have -two cl?&fevmb ways +o %P 'ﬂr\v-ougk all recﬁamgular boxes

1) vow l:a_ ow 2) Co‘wvm Bqa column
R R
—
—
% ; fca;.bj) a6 8Y; 2 4? f(a;.bj) Ay A%
~ fJ fog dudy ~ I fey dyde

ExamFle. LT
Fnd the volume cf Hre solid  wunder f(auah 3+x§

over -the v‘23|DV\ R= {(-x.‘a) : Osw%sl, os%sz} Ca le )

Volume. = j:g; 3+'£16 dxdna OR Volume = j:,g: 3+f13 dléd‘x

: S’ ESPRELIS : S [ayed?yTs
=S‘° 3.‘.%% da =j° 6+>J(.z =
SIS - Doxads?l,
s 1—0 = &
S 3
2 > 2
—
—_
—
) 1 - 1) 1
os%s( Osx=sl

fix La,‘ﬂnev\ o=l f&x,-ﬂz\en oLys




Exavn?le ILF.2

over -t ‘brianﬁle R (o)

(0,0)

’L:l-%

| pl-
Vohume. = Jo5, 24 ey
| gl
= j’ogo %e.x e.'é dXdla'
[} l-la
= J,o e(ajo e'& dxdua_
- S; b [&].9 d«a

=\Y; e-e? d‘é

over -the regior\ R rf

a) R s a -Er‘uo.\rﬁle with  vertices
(o.b)

— Bx-raa_- ab =0

(0,0) (a,0)

b~y

Volume = jo ° f(x.«a)dxdla_ CR

Find the volume cf Hre solid under f(x,.a) et

‘ i /'x-«-na-l:o

.0)

%‘:(-'&

| pl=-x
OR Volume = jogo e-x+«a dxad-x.

- &‘J:le" ¥ dydx
= j.: e’cj\:xe"i dyda
- S; e [1) 7 dn

= S; e-e° &x

= [e.ta-e_%]:, « Lex-e1}
= | o |
(o,1) (o, 1)
| —>—’* & T
ﬁ
—
I
B _— Tq\
(0,0) ,0) (0,0) «,0)
: ' OS!aS| Oosxs|
fix ta-tlr\a,\ oLx<l-y fi" . 4 Oslasl-x
ExamP‘e. LLF.2

Wrike down a  double ‘m’begml which s f\v\cl-v\a the volume cf Hre solid wunder f(x.ca)

(0.0) , (a.0) and (o.b) , where a.b>o.

b-2

j:&, 3 ‘f&,a) d«ad'x_



by R is a disk centered at the ov‘ig'm with  vadius
C bow\clama_ is a circle clef-wed \o\& £+|a°‘ =)

-Y'SIQSY‘

Voluwme. =.Y S .P_— 'f(-ma; dxdca_
fix Y- ~then —Jr‘-g‘ £xs r-‘-(é‘

-r<wsr Volume. BS S == f(’* d\adx
fi& =%, then -{.¢ s%s.lr‘-x’

c)y R is bowr\cled L:a_ (3,='>_x and |a_-£'

4 od9
Osyss Volume. = L S_.: -f(x.«a) d-xd-a_

Osx=s2 Volume. = I L 'f(in.a) dtad‘x.
$ix %, then Xs Yy 2x




